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IHPEANCJIOBHUE PEJAKIINN

MatremaTHKa — KopoJeBa
H CAYKaHKAa BCeX HAYK.
K.®d. I'ayce

JHHu3Hbp yKpamaeTca AByMA BeNjaAMM —
3aHATHEM MaTeMaTHKON M ee NpernojaBanineM
C. ITyaccon

YBamaeMbI CTAPIICKIACCHHK!

B gepsxure B pykax KHuUry eHoBoii cepun «Ipeamnpo-
dpuarHad U OpodpuibHas UCATOTOBKA», CO3AAHHON B U3-
AaTeJIbCTBEe «JK3aMeH» AJIA TeX, KOMY HHTepecHa Mare-
MAaTHKA.

Kaurn ato#i cepuu nomoryr Bam H3y9uTh OTAEJbHBIE
pasHooOpa3Hble pasjaeabl HIKOJAbHOM MareMaTHkmn., Hama
oejb — H3JOXKHTh HX abCONIOTHO IOHATHO HE TOJbLKO
XOPpOIIIQ YCII€BAIOIIUM N0 MAaTEeMAaTHKE IIKOJLHUKAM, HO
U CTPEeMSIIUMCH CTaTh TAKHMU,

MBI X0oTHM JOHeCTH A0 Bac cyTh IpeAacTaBiIeHHBIX
MaTeMaTH4YeCKHX TeM, MCYepIIbIBAIOImyI0 3aKOHYeHHOCTD
(3aBepNIEHHOCTH) MATEMATHIECKMX AOKA3ATENBCTB, JIOIrH-
Ky H KpacoTy peHIeHuii,

OroOpaHHBIe HAMH JJIA 3TOH CEPHH aBTOPhl — IIPO-
(peccuoHaNBI MATEMATHKH: KAHIZUAATHI M AOKTOpa HayK,
npenopaBarens MI'Y mm. M.B. JlomomocoBa, Kypupyo-
LIMe npernojaBaHue MareMaruku B Poccum, a Takxe Ta-
JaHTJUBbIE TUTYJOBAHHBIE yunuTea. CBegeHua o0 HUX Brl
Ha¥JeTe Ha YEeTBEPTOH CTOPCHKE 0GJIOMKKH.



BBEJAEHHE

Pemenue MHOrUX 3agady MATeMATHKH, (QU3NKU U
IPAKTHKYN CBOZNTCA K PeINeHHI0 aarefpamviecKux ypas-
HeHnii., HeBO3MOXHOCTL PEILIUTHh TE€ HJIH HWHBIE ypaBHe-
HHA NPUBOAHMJIA MAaTEeMaTHKOB K Heo0XOAHMOCTH pacmiu-
PEeHNS ITOHATUSA YHCJA.

Tax, aas penmieEHMA YpaBHEHMH BHjAA X + a = b moJo-
JKUTEJbLHBEIX YHCeJ HeaocTaToyHo. HanpuMep, ypaBHeHue
x + 3 = 1 He UMeeT KOpHEHl HA MHOYKECTBe HaTYpPaJbHBIX
yuces. IloaToMy HpHXOZUTCS BBOANTE OTPHUIlATEJbHBIE
9UCJIa B HYJAb, PACIINPAA TEM CAMBIM MHOXXECTBO HATY-.
paabHbIX umces. IlosydaeM MHOXKECTBO IEeJBIX 4YWCeJI,
KOTOPO€ BKJKIOYaeT B ce0A MHOMKECTBO HATYPAaJbHBIX
qHCel.

s Toro uroGel ypaBHeHHSA BHAa ax = b (a = 0) ume-
JV KOpPHH, NEJbIX YHCEeI HeAocTaToYyHo. Hanpunmep,
vpaBHeHue 2a = 3 He uMeeT IMelbiXx KopHe#. Jloaromy
MPUXOANTCA BBOAUTH ApoOHBIe yucaa. Ilexnie u ApobHBIE
yucja o0pasyoT MHOMKECTBO PpAUOHAJBLHBIX YHCEeIN.
MHO0XEeCTBO pallHOHAJBHBIX YHCeJl ABJAAETCH paCcIMpPEHH-
€M MHOKEeCTBA IeJbIX YHCeJ, TO €CTh BKJIOYAeT B CebA
3TO MHOJKECTBO.

B MHOMeCTBe pamMOHANBHBIX YHCEN DPa3pelIinMbl aj-
rebpanvyeckue ypaBHEHMA II€PBOM CTeNneH, T.e. YpaBHe-
Hua Buga ax +b =0 (a #0). Ograko aarebpamyeckue
YpaBHEHHS CTEIleHHM BEHIIIE IEPBOH MOTYT He MMETh pa-
OUOHAJNLHBIX KOopHe#. Hampumep, He MMeroT panzuoHab-

HBEIX KOpDHeil ypapHeHus x°=2, x°=5. Heo6X04HMOCTE

pelieHUsA TAKUX ypaBHEHUU ABHJIACH OAHOM H3 IPHYMH
BBEJEHHUs MPPALHUOHAJBHBEIX uYHcea. PaivuoHanbHBIE H
vppanyMoHaJbHBIE YHACAa 00pasyioT MHOMKECTBO JefiCTBM-
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Beedenue

TEeNAbHBIX uncen. MHOMXECTBO AeHCTBUTEJNBHBIX YHCEN SB-
JIAeTCsH pacHIMpeHueM MHOXKeCTBA PalyiCHAJbHBIX YHCeJI.

M xaxaplii pas Ipu pacliMpeHHN HEKOTOPOro YucJo-
BOT'0O MHOXKeCTBa A o0 MHOMecTBa B cobmoaainTcd yernl-
pe yCAOBMA.

Ycaosue 1. MHOMKeCcTBO A ABAAETCA HNOAMHOMKECTBOM
B, r.e. AcB.

Ycnopue 2, Bece omepanun, KOTOpbIe BHINOAHAIOTCA B
MHOJKEeCTBe A, oIpeneadAlOTcA U B MHOXXeCTBe B, npuyem
TaK, YTO NPUMEHSA 3TH OIIPeJeIeHHsA K 3JIEMEeHTaM H3 A,
Mbl HOJYYHM Te€ e pPe3yJbTaThbl, YTO U O MPEXKHUM
npaBuyam B MHOoxkecTBe A. Ilpu asrom cBoiicTBa omnepa-
(Ui, ¥MeBIIIUe MeCTO B A, BEINIONHAKOTCA U B B,

YcaoBue 3. B MHOMecTBe B BHINOJHHUMA ONepanysd,
KoTopaa Oblia HeBRITOJHHMA B MHOXKecTBe A (paspemn-
MO ypaBHEHUe, KOTOpOoe He OblJIO pa3spelInMO B MHOMKECT-
Be A). UMeHHO B 3TOM YCJOBRH 3aKJIIOUEHA OCHOBHAaA
[eJb paciupPeHns MHOMKECTBA.

Ycnosue 4, Muoxxecrso B R0MKHO OBITH ¢« MMHUMAJID-
HbIM» pacmupenHveM MHOxecTBa A. To ecTb n1060e MHO-
KECTBO, YAOBJAETBOpHIomee ycaosuamM 1-3, monMxKHO
BKJKYaTb B ce0A MHOXKeCTBO B,

ITosacanM nopgpobHee ycaosue 2.

Bo Bcex pacCMOTpPeHHBIX MHOKECTBaX OIIpefAeeHbI
ABe omepanuu: CJHOMKEHUA U yMHOxepua. O6mumMu CBOM-
CTBaMM 3THX ONEPAIlUil ABAAIOTCA CAEAYIOLIUE:

CroiictBo 1. ACCOMATHBHOCTD: AAA JIOOEIX TpPEX ane-
MEHTOB MHOYKECTBA C HEeKOTOpoil onepanueil * BbITIOJNHSAET-
ca pasencTBo (a*b)*c=a*(b*c).

CroitcTso 2. Hanmune HeliTpaJlbHOroO 31eMeHTa: B JaH-
HOM MHOJKECTBE CYILIECTBYET 3JIEMEHT € TaKoil, YTo Aad
noboro 3JeMeHTa a 3TOr0 MHOXXEeCTBa BLINOJHSIETCS pPa-
BEHCTBO a*e=e*a=a.
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Beedernue

CeoiticrBo 3. Hannume and Ka)AOro 3JIeMEHTa CUM-
METPHYHOrO eMy 9JJieMeHTa: Aaa Jaoboro aneMeHTa a
JaHHOTO MHOYeCTBA CYIIIECTBYET €AWHCTBEHHBIH 3JIEMEHT
a' Takoy, 4yro a¥*a’'=a’'*a=e.

HanpumMep, B MHOMK€CTBE PallMOHAJbHBIX YHCEJ C olle-
panueil CIOMEHUA BLIIIOJHAITCA BCE TPHU CBOICTBa, IpH
9TOM HEUTPAJBHBIM 3JIEMEHTOM SABJSETCA UHCAO HYAb, 4
UL KayKAOI0 YHCJIA CHMMETPHYHBIM €My ABJIAETCH Ipo-
THBOIIOJIOMKHOE YHCJIo. B TOM Ke MHOMECTBE PAIfUuOHAJNb-
HBIX YHCeJI ¢ olleparmueil YMHOMKEHH S BHINOJHAIOTCH CBOM-
cTBa 1 M 2, IPH 3TOM HEUTPAJNBHLIM 3JIEMEHTOM ABJIACTCH
yucao 1. Ecan ke mckatounth uuciao (0, o Gyger BuIoJ-
HATLCA H TPEThe CBOMCTBO: YHUCJIOM, CHMMETPHYHBIM YUC-
ny a, 6yaer obpaTHOe eMy 4MCAO Q) -—-%.

B MHOKecTBe IeJBbIX YHCeJ YMHOMeHUue He o006gagaeTr
CBOMCTBOM 3.

B MHOMeCTBe HATYypaJLHBIX yucen obe omepauum He
obaanalor cBoMicTBOM 3, a CnoKeHue He oDxazaeT U CBOM-
CTBOM 2.

KpoMe paccMOTpPEeHHEIX CBOMCTB CHOMEHMHA U YMHO-
JKEeHHA CYIIECTBYeET eIllle OJHO, CBA3BLIBAIOIIEE 3TH ollepa-
105070

CaoiictBo 4. [IucTpulGyTHBHOCTD: JIA JIOOBIX TPEX 4H-
cen a, b, ¢ BeInmosHAIOTCA paBeHcTBa: (@ +b)-c=a-c +
+bcanc-(a+b)=c-a+c-b

Onepanun CHOMKEHHS U YMHOMEHHHA BO BCEX PACCMAT-
PMBaEeMBbIX MHOXKeCTBax o0sagaioT eme OAHHM CBOHCT-
BOM:

CroitcTBo 5. KOMMyTaTMBHOCTD: AJA JIOOBIX ABYX YH-
ceJl a U b BEIMONHAETCS paBeHCTBO a*b=>b%*aq.

Bnarogapsa eMmy, CBOHCTBO AUCTPUOYTHBHOCTH MOKHO
IIPEACTABIATh TOJBKO OJHUM M3 3alMCAHHLIX PaBEeHCTB.
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Beedenue

Taxum o06pasoM, IpH pacIIUpPeHUH MHOMKECTB HOJIK-
Hbl COXPAHATBLCH NepevUCHeHHbIe CBOUCTBA OllepaL[Hid.

Hanee. Ilpu pacilMpeHHW MHOKECTBA MEJBIX YHCEN
B0 MHOXKECTBA PalUOHAJBHBIX YUCEN YMHOMEHUE parLwo-
HAJILHEIX YHCeN ONpefesdeTcd CAeAYIONIHM o6pasoM: mus

a C
JIOOBIX ABYX YHCEJI s " r UX Npou3BeieHUe HAXOAUTCS

a ¢ a-c
o ¢opmyise: — —=——, JIoCKOJNBKY Ka)kjaoe LiejJoe YHC-
bd b-d
JIO MOYKHO IpPEACTABHUTL B BHJAEe ApPoOH CO 3HaMeHaTejleM
1, mpousBefgeHHne MIOOBIX ABYX MHENBIX 9HMCEeJ M U n

" m
MOMHO HaXOAWTHL 10 TOH e dopMmyne: — —=——=

=m-n. Ilpa sToM mHonydaercs TOT K€ Pe3yAbTaT, UTO H
paHbllle, KOTAA 3TH YHUCJIA YMHOMXKAINCH KAK IieJhle.
B MHOX»ecTBe AeHCTBUTEJBbHBLIX YHUCEeJ HE BCe ypaBHe-

HHA KMEIOT pelleHHe, HAIlPHMeD, ypaBHeHHEe X° +1=0 n
BooOIme BCe KBaJpaTHble YpPaBHEHUSA C OTPHIATEJLHBIM
JUCKPHMUHAHTOM.

910 OOCTOATENLCTBO IIPHBOAUT K He0OXOAHMOCTH
pacIilMpeHUsA MOHATHA O YHCJEe, K BECAEHHK HOBBIX YH-
cen Gosee obmieil npupoAbl, YaCTHBIM CJyd4aeM KOTOPBIX
ABJIAIOTCH pAelicTBHTeNIbHBIe umcia. IIpH 3ToMm cymiect-
BEeHHO ONpeJeJUTh 9TH YHCJIa B AeiCTBMA HAJ HHMW Ta-
KAM 00pa3oM, 4¥To0bl AN HOBBIX TuCe) coOAI0AaIUCh BCE
ycaoBusa 1—4.

B XVI Bexke npm u3y4YeHHM KYOMYeCKUX YpaBHEHMH
OKAa3aJIOCh HeoOXOAHMBIM H3BJIE€KATh KBaJApaTHbie KOPHH
H3 OTpHIATEJbHBIX uucei. MHrairbAHCKUU  y4YeHBIH
k. Kapzano BeIiBesl (PopmMyady KoOpHeH Kybmueckoro

ypaBHeHUs x°+ px+q=0:

X=Uu+v,



Baedenue

IIpu pemennn KyOM4YeCKHX YpaBHEHHUN, THUCKPUMMH-

2 3
HAHT A=(%) +[—§-] KOTOPBIX OTPMIIATEJbHBEIM, HAIPH-

Mep, x°-21x+20=0, nDoaydajcsA IapaJOKCaJbHBEIA pe-

3yJbTAT: KODHH YpDaBHEHUSA —— JAEHUCTBUTENbHBIE YHUCJAA
(8 mpuBegeEHOM npumepe 1, 4 u — 5), a npu BeIYHCIE-
HHY 3HAYEeHUM ¢ W U HeoOXOAMMO HAXOAHUTh KODHHM M3
OTPHIIATENbHBIX YHCEJ:

u=4-10+v-243, v=3¥-10-/-243.

Yrobsl 00BACHUTL MOJYYMBIIHHCA Napagokc, Kapaa-
HO HOPeAoXHJ BBECTH YUCIa HOBOM npupodbl. OH Ha3kI-
BaJl TaKHe BEJIUMUHBI «YUCTO OTPUIATEJBHBIMH» U Jaxke
«COPHCTHUECKH OTPHMLATENLHBIMH», CUMTAl HuX Oecmo-
JIeSHBIMHM H CTPEMHJICA He OPUMeHATh ux. B camoM pene,
C IIOMOIIBI0 TAKNX YUCEN HeJIb3sA BhIPA3UTh HU PE3yJbTaT
H3MEepeHMA KAaKON-HubyaAbs BeJNHWYHHLI, HHU U3MEHEHUe
3TOU BEJWYUHEI,

JanpHeilimee pasBUTHEe MATEMATHKH «Y3aKOHUWJIO»
TaKMe 4Yucaa (OHH NOAYYHJIU Ha3BaHHE <«KOMILJIEKCHbIe
yHuCaa»), pacmupuno obiaacts UX npuMeHeRusa. Ha ocHo-
Be KOMILJIEKCHBIX 4YHcea OvliId pelreHbl MHOrHe 3ajadyu
TEOPHH YIIPYrOCTH, a3p0- M FHAPOAHNHAMHKH, KBAHTOBOM
TEOPHH II0JIA.




I'nasa 1. IOHATHE KOMIIJIEKCHOI'O
YUCJTA. AJITEBPAHRYECKASA ®©0OPMA
KOMIIJIEKCHOI'O 9YUCJIA

§ 1. IToHATHEe KOMNJIEKCHOrO YHCJIA.
ApudpmeTnuecKue AeHCTBUA
¢ KOMILJICKCHBIMH YMCJIaMMH

PaccMOTpUM MHOM(ECTBO BCEX VIIOPAAOYEHHBIX map
JeMCTBUTENBHBLIX YHCEN (a; b) M JaAUM Chelyioliue oOIl-

peAeseHu,
Onpeaenenne 1. lige napu (a;b) u (c;d) pas-

ubl, T.e. (a;b)=(c;d), Torma m TomBKO TOrAa, KOrAa
a=c u b=d.

Onpepenenne 2. Cymmoit nmap (a;b) u (¢;d) na-
3BIBAaeTCA I1apa ((a+c); (b+d)), T0 ectb (a; b)+(c;d)=
=((a+c); (b+d)).

Oupegenenune 3. Ilapa ((ac-bd); (ad+ bc)), Ha-
abiBaeTcH npoussedenuem nap (a;b) u (c;d), 1O ecth
(a; b)-(c; d) = ((ac —bd); (be+ ad)).

KaxxaoMy AefCTBUTEIbHOMY YHCAY 4 IOCTABMM B CO-
oreercrBue mapy (a;0), To ectb a=(a;0).

Ecou npHHATE 3TH oNpeAeleHUA, TO MHOMKECTBO Ael-
CTBUTEJILHBIX YHUCEJ CTAHOBUTCH IIOAMHOMECTBOM HOBOTO
MHOYKEeCTBa, ¥ ollepanuy Ha HOBOM MHOXKECTBe H€ NPOTH-
BOPEYaT COOTBETCTBYIOUIMM OII€PANMAM HA MHOXXECTBe
,neﬁc'rnufre.n'sﬁmx gyuceyn. Hanpumep,

(a;0)+(b;0)=((a+b);(0+0))=((a+b);0)=a+b.
10



§ 1. Honamue xomnaexcrnozo wucaa

Onpenenenne 4. Kaxablii 3JeMEHT IMIOJYYEHHOTO
MHOKeCTBa HAa3bIBAGTCHA KOMNAeKCHoiM wucaom. Ilomy-
YeAHOE MHOXXECTBO HAS3BIBAETCA MHOMECMBOM KOM-
NAeKCHbLX YUCen.

OGo3HAUNM MHOMNECMB0 KOMNACKCHLLX wucen OVK-
oM C.

Hcxonsa B3 onpeaesieHu 1—4, aMeeM:

(a; 0)+(b; 0)-(0; 1)=
=(a; 0)+((b-0—0-1); (0-0+b.1))_—.
=(a; 0)+(0; b)=(a; b).

BBenem o6o3HavyeHHe: (O;l)-—-i. Torna, yuuThIBaA,
uro (a;0)=a u (b;0)=b, m060E KOMINIEKCHOS HHCJIO
z = (a; b) MoxHO 3amTucaTh B BuJe 2=a +bi.

Onpepgenenne 5. ®opma 3aumcu z=a-+bi Ha3HI-

BaeTCA aszedpauyeckoit popmoii KOMILIEKCHOrO YA,
Yucaa Buga a+0i ABAAOTCA AelCTBUTEIBHLIMHM YHC-
JaMu. B sanucu pe#ticrBuresbHOro qucJhaa ciaaraemoe 0i

YacTo OIIyCKaloT, To ecTh a+0i=a.
Oupeanenenune 6. Yucno O0+1i=i naseBaercH
MHUMOU eduHuyell.

Us onpeneneHuss IPOH3BEACHHMA KOMILNIEKCHEIX UHCeJ
CJIEAYeT:

i-i=(0+1i)-(0+1i)=(0-0-1-1)+(1-0+0-1)i=
=—1+0i=-1.
Wnaue ropops, i°=-1.

Onpepenenne 7. Yucaa Buga 0+bi -— Ha3HIBa-

IOTCHA YUCIMO MHUMBIMU YUCAAMU.
B sanucm 4yucro MEUMOro dmcia cjaaraemoe 0 wgacro

ONIyCKaT, TO ecTh 0+ bi=>bi.

11



I'nasa 1. Ilonamue XOMRAEKCROZO TUCAA

Onpepenenne 8. JleitcrBUTesbHBIe yMcaa a U b
B mape (a; b) HasbIBAIOTCA, COOTBETCTBEHHO, delicmeéu-

meavroil (Re(z)) 1 mrumoit (Im(z)) vacmamu koMniekc-
HOTO 4YMCJa 2.

IIppvep 1. IIpy KakoM 3HAYEeHWH X AeHCTBHUTEJIBHAA

4acTh KOMILTEKCHOIO YHCJIa (x2 - 2) +(x-3)i paBHa Hymo?

Pewenue. [eiicTBuTEeNIbHAA YaCTh 3TOr0 YHC/Aa pPABHA
x% - 2. Ocraercs pemnTh ypasHeHMe x°-2=0: x =+2.

OrBeT: +/2.

IIpumep 2. Haiiaure meficTBUTENbLHELIE YUCIA X U Y N3
ypasrerna (0+8xi)-(10x+2yi)=-5+3i.

Pewenue. (0+3xi)—(10x +2yi)=-5+3i <
& (0-10x) +(3x—2y)i =—5+3.

Yucna paBHBI, TOTAA M TOJABKO TOrAa, KOrja DPaBHBI
nX JeMCTBUTEJLHEIE U MHUMBIE YaCTH:

1
-10x=-5 *=3
OTKVAA <
3x -2y =3, __3
T
OTrBerT: (l,—i]
2 4

Ha MHOMeCTBe KOMILJIEKCHEIX YHCEeJ CYIIeCTBYET
eguncreenHoe umcao 0+0i=0 Takoe, uro (a+bi)+

+(0+0i)=a+bi. To ecTb cymecTByeT HeHTPaJIbHBIH dJe-

MeHT cjJoxxeansa — mnapa (0; 0) — KoMnIeKCHBIN HOJb.
Ha sToM MHOXe€CTBe HUMeEeTCH €JUHCTBEHHOe YHCJIO
1+0i=1 raxoe, uro (a+bi)-(1+0i)=a+bi, T0 ectb cy-

HIECTBYEeT HEHUTPAJBbHBIN 3JIeMEHT YMHOXXEeHHA — Iapa
(1; 0) — xoMnaeKCcHaa eAUHHUIA.
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§ 1. Hlonamue xomnaexcrozo wucaa

Taxkum obGpasom, aeicrBaTenbHbie uncaa 0 = (0; 0) u
1=(1; 0) cnyxaT HyJeEM W €AUHHIEHX U B MHOKeCTBe
KOMILIEKCHBIX YHCel.

HoxaxxeM, 4T0 1A JIOOLIX BYX KOMIIIEKCHBIX YuUCeN
zy=a+bi n z,=c+di Halgérca, M NPUTOM E€XHHCTBEH-

HOe, YHUCJIO 2, = p+qi Takoe, 94TO 2, +2, =2,.
HJokasaTeasCTBO.
U3 onpeaenenuii cyMMbl B DPaBEHCTBA KOMILIEKCHBIX

qMCes CIeAyerT:
2 +2, =(a+bi)+(p+qi)=((a+p)+(b+q)i)=c+di,

a+p-=c¢
OTKYAA IOAyJYaeM {b P 4 MpUYeM €AUHCTBEHHYIO, IIa-
+q=d,

p=c-a
g=d-b.

Hucao 2, Ha3bIBAeTCHA DPa3HOCTBIO YHCENA 2, H 29, H

py ducen (p; q):

0003HavaeTcd TaK: z, =2, - 32,.

Tenepp AOKa’)KeM, YTO CYINECTBYeT omnepanusd, obpar-
Hasd YMHOMEHUYO, TO €CTh AJA JAIO0BIX ABYX KOMILIEKC-
HEIX Yucen 2, M 2,, rie 2,0, Halgércda, U IpHUTOM

€AUHCTBEHHOR, YMCJO 2, =M +Ni TaKoe, 4TO 2,-2, =2;.
HdoxasaTeabCTBO.
Ilycre 2, =a+bi u 2, =c+di, rae 2, #0+0i.
Torga
(c+di)-(m+ni)=a+bi. (1)
Ilo npaBuy YMHOKEHHSA KOMILIEKCHBIX YHCeJ MOJy-
qaem:

(c+di)-(m+ni)=(mc—nd)+(md +nc)i.

13



Inaaa 1. INonamue xomnaexcnozo wucaa

TlosTomy ypaBHeHEe (1) MOXXHO nepenucaThs B BHAE:

(mc—nd)+(md +nc)i=a + bi.

JIBa KOMIJIEKCHBIX YHCJIA PABHBI TOTAA H TOJNBKO TO-
rA8, KOraa pPaBHBI MX AEeHCTBHTEJbHBIE YaCTH M Ko3(hdH-
MUAEHTHI IIDH MHAMBIX yacTax. [loartomy

r

cm—dn-=a
{dm +cn=b.

(2)

ITockonbky ¢ -+ di #0 + 0i, xorst 661 OZHO M3 YUUCEJ C
u d oTimuuHo or Hyas. Ho torpa c2+d® # 0 u cucrema
ypaBHeHu# (2) uMeeT, W [IPUTOM €JUHCTBEHHOE, PEellIeHHE:
m___g_c+bd n = bc — ad
2 +d>’ ¢ +d?

Hrak,
Z __ac+bd+bc—adi
Yot +d? P +d?

Yuciio z, HasbIBAETCS YAaCTHBIM YHCEN 2, H 2, U obo-

2
3HAYAETCA TAK: 2, =212, MJIH 2, =— .
23

OunpeseneHns OIepanuél CIOXKEHUA U YMHOXeHUA
KOMIUIEKCHBIX u4mcea cpopMyjupOBaHbL! TaK, UTO BEpPHEI
3aKOHBI, KOTOpPbI€ BBLIIOJHAIOTCA AN ollepanui ¢ peicr-
BHTEJIbHBIMHM YHUCJIaMHA:

KommymamueéHoiil (IepeMeCcTUTeIbHBIH)

la. 2)+2,=2,+2,;

16. 2,-2,=25-2;

accoyuamuenbiil (couerarebHbI)

28. (2 +2)+z =2 +(z+2);

26. (2,-2,)-23=2,(25-23);

14



§ 2. Conpaxernnvie KOMRACKCHbIE YUCRG

QucmpubymuenuLil (pacnpeaenuTeNbHbIN)

3. 2, (2+25)=(2+2)-2,=2,-2, + 2, - 2.

Hoxaxume evinoareHue 3mux 3AKOHOE6 CAMOCMOA-
menvHO.

Ha ocHOBe mpHBefEeHHBIX 3aKOHOB apH(pMeTHUeCKHe
olepaniy ¢ KOMIIJIEKCHBIMH YHCJAAMH, IIPEeACTABJIeHHbIMU
B aarebpamndyeckoit ¢opMe, MOXKHO IIPOBOAUTE IO IPABU-
JAaM geHCcTBUH ¢ MHOIOYJIEHAMM.

IIpumep 3. BoinosHuTe AecTBUA:

(2+3i)-(3-2i)+(2-3i)-(3+2i).

Pewenue. YanreiBas, 4ro i-i=-1, noxyyaem:
(2+3i)-(3—2i)+(2—3i)-(3+2i) =2-3+3-3i-
~2-2i-3i-2i+2-3-3-3i+2-2i -3i-2i=2-3 +
+3-3i-2-2i —3-2-(—1)+2-3—3-3i+ 2-2i—3-2-(—1) =
=6+9i-4i+6+6-9i+4i+6=24+0i =24.

OrBer: 24,

§ 2. ConpakeHHsle KOMILUICKCHBIE YMCIA,
CaolicTBa CONMPAKEHHBIX YHCEJ

Onpepnenxenune 9. Yncna z=a+bi n z=a-bi Ha-
3BLIBAIOTCH CONPANCCHHBIMU.

CeoiictBo 1. CyMMa ¥ npousBeficHUe ABYX KOMILJIEKC-
HLIX CONIPAKEHHBIX yucea zZ=a+bi u Z=a-bi asasaroT-

CH AefiCTBUTENLHLIMU YUCTAMA:
z+2=2a, z-Z=a®+b°.

HoxkasaTenabCcTBO.
z+z=a+bi+a-bi=2a+0i=2a;

z-Z=(a+bi)-(a—bi)=a® - (bi)’ =a® + b2,



I'nasa 1. IHonamue xomMnnrexcrnozo wucna

Tlocneanee paBeHCTBO yAOOHO HCIIOAL30BATHL IIPH Ae-
JICHNY KOMILIEKCHBIX YHCEeJ:

2, 2%, (a+bi)(c-di) (ac+bd)+(bc-ad)i
2, 2,-Z, (c+di)-(c-di) ¢? +d? i
_ac+bd bec-ad

= {.
+d? % +d?

IIpumep 4. Pemunurte ypaBaenue 2z +2Z =3 +i.

Pewenue. Ilycts 2=x+yi, Torga Z=x-yi U ypaBHe-
HUe TMpuMeT BUfA Xx+yi+2x-2yi=3+i>3x—-yi=3+i.
Komnexcaele yncjia paBHBI TOrga M TOALKO TOrga, KO-

raa paBHEl JeUCTBHUTEJbHLIE U MHHMBIE Y4CTH.
3x=3 x=1

Hmeem cucTemy {
—y=1,

o-myga{
y=-1.

OrBerT: 1-i.

1+6i

1-2i
1+6i_(1+6i)-(1+2i)_1o1-6-2+6-1+1-2i_

1-2i (1-2i)-(1+2i)) 12+2%2  1%2+2°

IIpumep 5. Briunucaure:

Pewenue.

=-2,2+1,06i.

OrBer: —-2,2+1,6i.

CeoiictBo 2. Uncio, COnpsKeHHOE CyMMe ABYX KOM-
IUIEKCHBIX YUCeJ, PaBHO CYMMe 4YHCeJ, COIDPAKEeHHBIX
JaHHLIM, T.e. ﬁ=§l +25.

JokasaTenbCTBO.

MMyerb 2, =a + bi,2,=c + di. Torga z, + 2z, =
={a+c)t+(b+d)inz+z,=(a+c)—(b+d)i.

C napyro cropomml, 2,=a-bi, Z,=c—di, 3Ha4ur,
2, +2, =(a+c)—(b+d)i.

Hrak, z,+2, =2, +2,.
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§ 2. Conpancennvie KOMRAEKCHBIE YUCAA

Ceoiicteo 3. Yncio, conpsaKeHHOe PpasHOCTH [ABYX
KOMILTEeKCHBIX 4YMCeJ, PAaBHO Pas3HOCTH YHWCeNd, COnpd-

'KEHHBbIX ABHHBIM, T.€. 2, — 2, =2; —25.

JToKasbIBaeTCA aHAJOTWYHO CBOMCTBY 2.

Crolicteo 4. Yncio, COIpsKeHHOe IPON3BEACHUIO
IBYX KOMILIEKCHBIX YHCEJI, PaBHO IIPOM3BEACHHIO YHCEJ,
CONpPAKEHHBIX AaHHBLIM YHUCJIAM, T.€ 2, 2, =2, 2.

HoxasaTeabCTBO.

IIycte 2, = a + bi, 2, = ¢ + di.

Torga 2,2,=(ac—bd)+(bc+ad)i,

2,29 =(ac—bd)—(bc + ad)i.
C mpyroii cropoHnl, 2, =a—bi, 2, =c—di, 3naumnr,
z, Z, =(ac—bd)—(bc +ad)i.

Hrak, 2,2,=2, 2,.
CBoiicTBO 4 MOKHO 00001IUTL Ha ciaydall NpoH3Bene-
HHUA JIIO60ro KOHEYHOrO YUCAA KOMIJIEKCHBIX YUCeJT:

CBOﬁCTBO 50 3132... 23 =21 22... 33.

CeoiictBo 6. Yncno, conps)xeHHOe YaCTHOMY HABYX
KOMILIJIEKCHBIX YHcea (Ae/JuTeNhb OTIUYEeH OT HYJHA), pABHO
YaCTHOMY YHCeJI, COIIPAKEHHBIX JaHHBIM, T.e.

[a+biJ_a+bi
c+di) c+di

JoxkasaTenbCTBO.

(a +bi)2((a+bi)(c—di)J_(ac+bd +bc—ad ij_

c+di) \(c+dic—di)) \c®+d® 2+d? )

-

_‘ac+bd_bc—adi
Z+d? F+d?
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Inasa 1. Honamue xomnrexcrozo wucaa

C apyro# cTopoHBI,

a+bi___a—bi (a — bi)(c + di) (ac+bd) (ad - bc)
c+di c—di (c—di)c+di) ¢? +d?

ac+bd bc—ad .
2 5L
c+d et +d

Ipumep 6. Pemure ypaBHenue: 2(2+i)=3-i.
Pewenue.

N e o 8=i _ (3-i)(2-1) 5-5i
z(2+i)=3-i> 2= T — 2= (2r1)(2- t) = =1-

OrBeT: 1-i.

§ 3. H3Baeuenne KBAAPATHBIX KOPHEH
H3 OTPHLATEIbHBIX YHCeJ

3.1. Pemenne XBRaAPaTHOro ypaBHeHUHA
C OTPHUATEJbHBIM JUCKPHMMHAHTOM

MbI BBIACHHJIH, YTO i =~1. BmecTe ¢ Tem

(1)’ = (-1-1)* =(-1)* -i2 = 1.

Taxum obpaszom, CynieCTBYIOT, IO KpaWHeld Mepe, ABa
YuCaa, KBaApPaThl KOTOPhIX paBHH —1, a MMeHHO i B —i,
Ho, moxxer ObITh, €CTh ellje Kakne-Hubyab KOMILIEKCHBIE
YHRCIa, KBAAPATHl KOTOPHIX PABHBI —17?

IlycTh KBafpaT KOMIIJIEKCHOrO YHciaa a+bi paseH —1.
Torna

(a+bi) =1,
a® +2abi-b* =-1.
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§ 3. Haenevenue xeadpamnovix xopred u3 ompuyamenvrvix Jsucen

Tak kKak ABa KOMILIEKCHEIX YUCJA PaBHbl TOrjga H
TOJMABKO TOTAA, KOTAA PaBHEI MX JACHCTBHTEJBLHBIE YACTH H
K03 PUIIUeHTs] MENMBIX 4YacTei, To

a®-b*=-1
ab=0.

H3 BTOpOro ypaBHEHMA IIOJYYEHHOM CHCTEMBI cjeny-
eT, YTO XOTA Ohl OJHO U3 YHNCEJ a4 M b AONIKHO PABHATLCA
Hynio. Ecan b = 0, To 13 nepBoro ypaBHeHUA NONYYAETCH
a’=-1. Yucno a HefiCTBHUTENBHOE, U IIOITOMY a > 0.
HeoTpunaTeabHoe YHUCI0 @ He MOYKET PABHATHCH OTPH-
mareasHomMy uncay —1. Ilosromy paBencrso b = () B gaH-
HOM cJIydae HeBoaMo)XHO. CnemoBateinHO, ¢ = 0, HO ToO-
ria u3 IepBoro ypaBHEeHMA CUCTeMsl IosydaeM: —b% =-1,
b=11.

SHAYHNT, KOMILIEeKCHBIMH YHCJIaMU, KBaApaTbl KOTO-
pBIX PaBHBI —1, SABJAAIOTCA TOJBKO.UHCHA i U —i. YCIOBHO
3TO 3AIIUCBIBAETCA B BHUJIE J—-_l =+i.

AHAJIOTNYHO MOXXHO AOKA3aTh, YTO CYLIECTBYET POBHO
ABa YHCJa, KBAAPATHI KOTOPHIX PaBHH OTPULATENBHOMY

qucay a. TakuMH YuUCIaMU SBJIAIOTCA \/E i u —+vai.

YCJH0OBHO 3TO 3alIUCHIBAETCH TAK: JE =3-ai.
Haupumep,

J—4 = +2i, V-9 = +38i.

B MHOMXeCTBEe KOMIJIEKCHBIX YHCeJ JIOObIe KBaapar-
Hble ypaBHeHUs HMeloT peureHde. KBazpaTHBe ypaBHe-
HUA ¢ OTpUOATENBHBIMU AUCKPUMUHAHTAMH MMEIOT KOM-
NJIeKCHBIe KOPHN. OTH KOPHH IMOJYYalOTCA 10 U3BECTHHIM
HaM dopMynamMm.
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I'naea 1. Ionamue xoMnaexcinozo Yucira

Ipumep 10. Pemnre ypaBuenue x° +2x+5=0,

Pewenue. x=-1++1- =—lis/—_=—112i.

Hrak, fjaHHOEe ypaBHEHHE HMEET JBa KODHA.
OrBer: x; =-1+2i, xo =-1-2i.

IIpumep 11. Penture ypaBrenue x°+16=0.

Pewernue. PasioxuMm JeBYI0 4YacThb YpPaBHEHHA
x* -16=0 Ha MHO&XMTENH.

x* -16=0¢:>(x2—4)(x2 +4)=0e
<:>(x2-—4)(x2 —4i2)=0@
& (x-2)(x+2)(x-2i)(x+2i)=0.

CnepoBaTelbHO, KOPHH WCXOAHOrO YpaBHEHHUSA -—
yucja 2, +2i.

OrBerT: 12; +2i.

VHTEpEeCHO OTMETHTH, UTO CyMMa KOpHed paBHa -2,
a Npou3BeleHUEe PABHO 5, TO €CTh BHINOJIHAETCA TeopeMma
Buera.

Iodeedem nHerxomopvie umozu.

MHOXECTBO KOMILIEKCHBIX YHCEeJ V/AOBJeTBOpAeT
TPEM BaXKHBLIM YCJIOBHAM.

Ycaosue 1. MHOMXKECTBO KOMIJIEKCHBIX UHCEJ COREp-
JKHT BCE AEeICTBHTENbHBIE YMCAA -— YHUCJa BHIAA ( a; 0).

Ycaosue 2. B MHOMecTBe KOMILJIEKCHBIX YHCEJ OIlle-
PaIMU CJIOKEHUA N YMHOXMEHUSA OIpeAeseHbl TaAK, YTO UX
IIPUMEHEeHHNe K AeHCTBUTENbHBIM YUCJIAM IIPUBOAUT K TeM
JKe pe3ysbTaTaM, 94TO U CJIO0MEeHWe M YMHOKeHHe B MHO-
’KecTBe AeHCTBUTEJIbHBIX YuceJ. BpIIONHAIOTCA U BCce 3a-
KOHBI JJIA OIepanuii CJI0KeHUsA U YMHOKEHHUA: KOMMYTa-
THBHBINA, ACCOIIMATHBHBIN U THCTPUOYTHBHBIM.
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§ 3. H3enevenue xeadpamunvix Kopueil u3 OMPUYAMERbRBX YUCER

Ycaopue 3. B MHOMeCTBe KOMIJNEKCHBIX YHCeJ BBI-
MONHAETCA Ollepanyusa U3BJeYeHHE KOPHA YETHOH CTelleHU
H3 OTPHINATEJAbHOTO YHCJA, KoTopas Oblia HEBbIIOJIHHMA
B MHOXKECTBE HAEHCTBHUTEJBHBIX YHCEJ (TO €CTh pas3pelan-
MO KBajpaTHOE YpPaBHEHHE ¢ OTPHUIATENBbHBIM IUCKPMMU-
HAaHTOM).

Mo)KHO AOKasaTh, YTO BBINOJHAESTCA W IOCJIegHee ycC-
JIOBUE.

Yenoppe 4. MHOMXECTBO KOMILJIEKCHEIX YHCEJ MHHHU-
MAaJBHO, T.e. Jwboe Apyroe MHOXXeCTBO, objajzalomiee
IIepBBIMM TpeMs CBoicTBaMu, OyAer cogepxaTth B cebe
MHOX<ECTBO KOMIIJIEKCHBIX YHCeJ.

TakuMm o0pa3oM, MHOXECTBO KOMILJTEKCHBIX 4YHCeJ
ABJACTCH _pacmupeHHeM MHOMKECTBA _NeMCTBHTEIbHBIX
qHcen.

3amaum QA CAaMOCTOATEBHOIO PelleHHs

1. Ilpu kaKom 3HAUYEHWH X MHHMMAafA 4aCTh KOMILIEKCHO-

ro 4yucia (:v::2 - 4)+ (x2 —5):1 paBHA HYJII0?

2. Haiigute AeiicTBUTENLHBIE YUCAA X U J U3 PABEHCTB:
a) (-3y+xi)+(2x-5yi)=-2-12i;

6) [ix—ZyE)—[1y+6xiJ =0+21i;
4 3
B) (2-8xi)-(3y+2yi)=2x+i;

r) (1-2xi)-(3x+yi)=x+3yi.

3. Hailtamure cyMMYy KOMITJIEKCHBIX YHCEJN:
a) 2,=2-3i u 2,=-3+2i;

6) 2, =5-i 1 2, =4i;
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I'nasa 1. ITonamue XOMRACKCHOZO YUCRA

B) z;=1u 2,=-1~-i;
r) 2,=,5-2,7i un 2,=-1,7-3,2i.
4. HaligjuTe pasHoCTh KOMIIIEKCHBIX YWCEN:
a) 2, =-2+3i n 2,=3-2i;
6) 2, =1-i u 2, =5i;
B) 2, =5 M 2y =~1~i;
r) 2,=13-2,6i n 2,=-0,5-2,3i.
5. Haitaure npousBefeHue KOMIIEKCHBIX YMCeJ:
a) 2, =1-i u 2z, =5i;
6) 2, =5 m z,=-1-i;
B) 2, =-2+3i u 2,=3-2i;
r) =1,5-0,8i u z,=1,5+0,8i.
6. BrimosHuTe NEeHCTBUSA:
a) (4+3i)-(3-4i)+ (4-3i)-(3+4i);
6) (4 +3:i)-(-3i)- (4i)-(3-4i);
B) (5+8i)-(3-5i)+(5-3i)-(3+5i);
r) (2+4i)-(4-2i)-(2-4i)-(4+2i).
7. Haitiure 2.2, ecan
a) z2=3-4i;
6) 2=5+12i;
B) 2=-1,1+0i;
r) z=-3,5i.
8. HaiiauTe 4aCTHOE KOMILJIEKCHBIX YMCEJ:
a) 2,=-1+4i n z,=3-4i;
6) 1-4i u 2,=1+2i;
B) 2, =1-i m 2, =5i;
r) z,=5u 2,=2-i.
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§ 3. H3sneuenue xeadpamnbix KOoprelw U3 OMPUYAMENRLHBLX YUCEN

9. Pemmnrte ypaBHeHRHe:
a) z(1-2i)=2+5i;
6) z(1-i)+3=i;
B) 22 +Z2=0;
r) 3z-2z=-4+2i;
n) 2z=i-2z.

10. Pemnire ypasHeHue:
a) x*+1=0;
6) x2-2x+4=0;
B) x*-6x+10=0;
r) x2+8x+18=0.

Konrpoasnaa pabGora

Bapuanm 1

1. HaiignTe CcyMMY KOMIIJIEKCHEIX YHCeJI
2,=1,3-2,5i m 2,=-0,5-2,8i.

2. BruimosnuTe geicTBUA:
(8+2i)-(2-3i)+(3-2i)-(2+3i).

3. Haiiagure geiicTBUTENIbHBIE YHUCIA X U Y U3 PABEHCTBA
(2+8xi)—(6x +2yi)=—y +3i.

4. Haisigure 9yacTHOe KOMILIEKCHBIX YHCEJ
z=-1+4i n 2,=4-3i.

5. Pemmure ypaBHeHue x° +2x+4=0.

6. Pemmute ypaBHeHne zZ =2+2z.

Bapuanm 2
1. Hailiaure pa3sHoCTh KOMILIEKCHBIX YHCEJ
2,=1,56-2,7 n z,=-1,7-3,2i.
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I'naea 1. Tonamue xomnaexcrhozo wucana

2. BrimosxHuTe AEHCTBUA:
(4+3i)-(3-4i)—(4-3i)-(3+4i).

3. HaiiauTre AeHCTBHTENbHEIE YUCIA X U ¥ U3 DABEHCTBA
(1+2xi)+(6x +yi)=-2y +2i.

4. Haligute 4acTHOEe KOMNJAEKCHEIX YHCeJ

5. Pemwure ypaBHenue x°+4x+20=0.
6. Pemnure ypaBHeHue z =-42z,
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I'nasa 2. TEOMETPHYECKAA
HHTEPIIPETALINA
ROMIIJIEKCHBIX YHCEJ

§ 1. H3o0paxeHnne KOMIIEKCHBIX YHCeJ
TOYKAMH HA IJIOCKOCTH

PaccMOTpHM ILJIOCKOCTh ¢ BBEAEHHOH Ha HeH IIpsaMo-

VTONBHOU [eKapToBoM cucreMo Koopamuar. [locraBum B
COOTBETCTBHE KAXKAOMY KOMILIEKCHOMY YHCAY 2=x+yi

(x U Yy — AEeHCTBHUTENBHBEIE YUCIA) B COOTBETCTBHE TOUKY
Z(x;y) KOODAHHATHOU IIJIOCKOCTH. 3aMEeTHM, 4YTO yCTa-
HOBJIEHHO€ COOTBETCTBHE MEMKJAY MHOYKECTBOM KOMILIEKC-

HBIX YHUCEJ U MHOMXEeCTBOM TO4YEK ROOp,[[PIHaTHOﬁ IINIOCKO-

CTH B3aHMHO OSHO3HAYHO. 3AMETHM TaK)Ke, YTO KaXJoH
TouKe Z(x;Yy) KOODAMHATHOM IJIOCKOCTU IIOCTABJEH B CO-

OTBETCTBHE PafHyC-BeKTOp Z (CM. pHC.), KOODAHHATHI KO-
TOPOT0 COBNAJAIOT C KOOPAWHATAMH TOYKH Z.

i

Zlxly

A

~N

u¥

Onpengenenune. IlnockocTs, Ha KOTOpoH H306Gpa-
JKAIOTCH B BHJE TOYEK KOMIILJIEKCHBbIE UMCJIA, Ha3bIBaeTcHd
KOMILIEKCHOH IIJIOCKOCTBIO.
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I'naea 2. l'eomempuieckas unmepnpemayuf KOMRAEKCHHIX HUcen

Jlio6oMy HeHCTBHTENBHOMY YHCJIY COOTBETCTBYET TOY-
Ka Z(x;0), a noboMy 4YHCTO MEHUMOMY YHUCJIy COOTBETCT-

Byer Touka Z(0;y). IToaroMy Bce felficTBUTeNbHBLIE YUCHA
u300pa’KaloTca ToYuKaMu ocu abCcmucc, KoTopasa Ha3blBa-
ercs delicmeumenvHoil 0cbi0, a BCe YNCTO MHHMBIE IHCIA

n300pasKaroTcsad TOYKAMHM OCH OPAMHAT, KOTOpasg HAa3hIBa-
eTCHA MHUMOI OCbi0.

IIpumep 1. M3o6pasuTe Ha KOMIIJIEKCHONH IIJIOCKOCTH
gneao 2 = 3-2i.

Pewernue. 3ToMy 4YMCHYy COOTBETCTBYET TOYKA KOM-
NJeKCHOH IJIOCKOCTH ¢ KOOpAHHATaMH (3; —2).

7\

:
X

.
ZI5FD)

IIpamep 2. H306pasute Ha KOMILUIEKCHON ILJIOCKOCTH
BCe KOMILJIEKCHRIE YHCJIA 2, AJA KOTOPBHIX BEPHO PABEHCT-
Bo Rez=-1.

Pewenue. B nepeBofie Ha sI3bIK KOOpPAUHAT pedb UJET
O MHOYKeCTBE TouYeK, abCcIiucchl KOTOpbIX pasHel —1, To
eCTh O NIPAMOH, 3aaBaeMoOil ypaBHeHHeM x =-1,

yi

=Y
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§ 1. Haobpancenue KOMRACKCHBIX YUCER MOYKAMU HA NAOCKOCMU

Hpumep 3. H3o6pasuTe HA KOMIUIEKCHON IJIOCKOCTH
BCEe KOMILJIEKCHBIE YHCHAA 2, AAS KOTOPBIX BEDHO PaBEHCT-
B0 Imz2=-4.

Pewenue. B mepeBofe Ha A3BIK KOOPAUWHAT, pedYh HAET

0 MHOX<eCTBe€ TOYEK, OPAMHATHI KOTOPbBIX pABHHI —4, TO
€CTh O IPAMOH, 3afaBaeMOll ypaBHEHUEM Y =—4,

] \

(] |
Py
=

IIpumep 4. lszob6pasiiTe Ha KOMINEKCHOH NJOCKOCTH
MHOJKECTBO KOMILJIEKCHbIX YHCeJ 2, YAOBJETBOPAIOIIHX
ycaoBuio Rez20.

Pewernue. 1 BHOBL IIepeBOANM YCIOBHE Ha A3BIK KO-
opauHaTt. Temepb peds HAET 0 MHOXKECTBE TO4YeK, abcijuc-
Chi KOTOPLIX HEOTPHIATENbHEI, TO €CTh O IIOJIYINJIOCKOCTH,
OrPaHHYEHHOH OCbI0 OpAMHAT (rpaHnIa BKJIIOYAETCA).

Y
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T'naaa 2. F'eomemputiecxan unmepnpemayus KOMRAEKCHBLX RUCER

IIpumep 5. M3006pasuTe HAa KOMILIEKCHOH IIJIOCKOCTH
MHOKECTBO KOMILIEKCHBIX YHCeJ 2, YAOBJETBODIIOILIHX
yesoBuio Imz<0.

Pewenue. B ganHoll 3agade pedys MAET 0 MHOJKECTBE
TOYEK, OPAMHATHI KOTODPBIX OTpHIATENbHEI, TO €CTh O MO-
JYIJIOCKOCTH, OrpaHWYEeHHON OChi0 afcummce (rpaEMna He
BKJIOIAETCA).

1A

[N
= 1

AN

/ 44
v /

'V v
v

Hpumep 6. N306pa3uTe HA KOMILIEKCHOH IIJIOCKOCTHU
MHOXECTBO KOMILIEKCHBIX YHCEJ 2, YAOBJETBOPAIOIINX
yeioBuAM Rez>0 u Imz2<0.

Pewenue. B pannol 3agadye pedb HAET O MHOXKeCTBe
TOYEK, a0CIMCCBl KOTOPBIX NOJIOKHTEIbHbI, & OPAUHATEI
OTPHUOATEJBHEI, TO €CThb O YETBEepPTOH YeTBEPTH KOOpPAU-
HATHOHN MJIOCKOCTH (rpaHHUNBI HE BKJIKYAKOTCH).

7]

re ry
=
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§ 1. Haobpancenue KOMRAEKCRBIX YUCEA MOLKAMU HA NAOCKOCIU

IIpumep 7. Nsobpasute Ha KOMIOAEKCHOH IIJIOCKOCTH
MHOKECTBO KOMMJIEKCHBIX YHCEJ 2, YAOBJIETBOPHAIONMINX
yesoBuaAM 4 <Rez<6.

Pewenue. B nanHo# 3agade pacCMaTpHBAeTCHA MHOMKe-
CTBO TOYEK, abcmucchl KOTOPHIX Gosbine aubo paBHBI 4 1

MeHbIte 6, TO ecTh IOJOCA, OrpaHHYEHHAs HPAMBIMHU
x=4 n x=6 (mepBas npAMAas BKJIIOYEHA B MHOMXECTBO,

BTODAfl -—— HET).

[u
=

wY

Hpumep 8. Maobpasure sa KOMILIEKCHON IJIOCKOCTH
MHOYKECTBO KOMIIJIEKCHBIX 4YHCeJ 2, YAOBJIETBOPAIODIUX
yeaoBuio 3<Imz<8.

Pewenue. B pannoi 3aade paccMaTpUBaeTCA MHOXKe-
CTBO TOYEK, OPJAWUHATBHI KOTOPHIX GoJsbmie 3 m MeHble 8,
TO €CTh II0JIOCA, OTpaHUYEHHAas NUPAMBIMA y =3 u y =8
(IpaMBle HEe BKAKYAIOTCA B MHOMKECTBO).

]
MR ISR R
A AN \ \
NN M RARIAIAAAN A A}
NVATAYAY MR ARAAVINY
1N Y AR
3
1
0 2 F
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I'nasea 2. F'eomemputeckas uRMEPRPEMAYUR KOMRACKCHHIX YUCEN

IIpumep 9. N306pasure HAa KOMINEKCHON NJIOCKOCTH
MHOKECTBO KOMILUIEKCHBIX YHCENI 2, YAOBJAETBOPAIOMIHX
yeiaosnaM H<Rez<8 mw -3<Imz<3.

Pewenue. B nannoii 3ajavye pacCMaTpPHUBaeTCA MHOMKe-
CTBO TO4YeK, aGcmucchl KoTopHX 6osibnie 5 H MeHbIe 8, a

OpAMHATEI GoJbIie —3 M MeHBIIEe HWJH paBHEI 3, TO eCTh
JacTek MJOCKOCTH, OFpaHWYEeHHAs NpAMbIMH X =5, x=8,

y=-3 u y=3. OueBUAHO, YTO ITO IPAMOYrOJAbHUK (TIEP-

Bble TPH NPAMBIE He BKJYAIOTCH, OTpe3oKk BC BK.IIOUa-
eTca B MHOXecTBO 0e3 Touek B u ().

4

3 {

el
n
]'@

IIpruvep 10. Haidigure anuny NMUHHAH, 3aJaHHOM HAa

1
IJIOCKOCTH paBeHCTBOM Im (-]l) = 3
2

1 1 x-yi
Pewenue. Ilycts 2=x+yi, Torna —= -=— 4 ==
2 XxX+tyr x +y

1 1
— y i, BHAYMUT, Im(——]-‘-—L:——-, OT-

x2+y2 x2+y2 z x2+y2 2

xkyna 2y=x%+y? o x* +(g,y-—1)2 =1.. 9TO ypaBHeHue 3afa-

eT HA IUIOCKOCTH OKPYKHOCThL paauyca 1, ciemoBaTrenbHO,
JIWHA JUHUK paBHA 2T,
OrBeT: 21
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§ 2. Bexmopnas uxmepnpemayus onepayuil

3ameuarue. U3 monyuyeHHOro ypaBHeHHUA OKPYKHOCTH
crexyer, 4ro ee neHTp — Touka (0; 1). NaobpasumM aty
OKPYSKHOCTDb HA IIJIOCKOCTH.

] |

=Y

-§ 2. BekTopHas HETEepnpeTamua
onepanMi ¢ KOMILIEKCHRIMH YHCAAMM

IIpowsIIoCTpUPYEM OIl€pAOUM CHOMEHHUA ¥ BHIYU-
TAHHA KOMIJIEKCHBIX YHCEJ Ha KOMILJIEKCHOM IIJIOCKO-

CTH.
IIycTh RaHBI KOMILIEKCHBIE YHCIA 2,=X,+li H

2, =%, +Y,i. Kak M3BecTHO, HX CyMMa DaBHA KOMILIEKC-
HOMY YHCIY 2=2, +2,=(x; +%,)+(y; +¥,)i. Paccmorpum
COOTBETCTBYIOIIME YMCIEM 2;, 2, U 2 DPajUyC-BEKTODSHI
Z(xpm) Zo(x0syy)m Z(2, + %93y, +y,). Torna Z=Z, +2,.
ITycTh BeKTOpHI Z; M Z, HeKoJIMHeapHbl. Tak kKak OHHM

nMeloT obllee HadvaJl0 — HavYajJdo KoopAuHAT TouKy O,
TO MX CYMMY — BEKTOpP Z=0Z — MOXXHO IOCTPOMTBH IIO
npaBILIy napajnenorpamma (cm. puc.). Koren sToro Bek-
Topa — Touka Z(x, + X5y +Y,) — wusclpakenMe KoM-
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I'nraea 2. 'ecomempuueckas unmepnpemayus KXOMRAEKCHBIX YUCER

IIEKCHOTO YMCIa 2 =2, +25 =(%; + %5 )+ (Y, +yp )i. Cayuaii,
KOrfia BEeKTOPHl 2, W 2, KOJIMHEADHBI, pACCMOTPHM B
crepylonieit rnase.

YA
SuE

=T 10i1 Y
F'g “g

T _E_'N

ek

PaccMoTpuM PasHOCTH KOMILIEKCHBIX qucesI
Zy=x;+yi B 2,=x,+y,i. OHa paBHa KOMILIEKCHOMY

uueny z=2, -2, =(%, —%,)+(y; -y, )i. Pacemorpum coot-
BeTCTBYIOLIIME YHCIAM 2,, 2, U 2 PafiHyC-BEeKTODPBI
Z(x30)r Za(x25y,) ¥ Z(x; - %534 —Y,). Temepsb BHgHO,
uro Z =2 —Z,. BexkTopel Z, M Z, MMeloT oflee HAYAJI0 —

Havaymo koopauHar Touky O. IlocTpoMM MX pasHOCTL —
BEKTOP Z — H OTJOMKHM ero OT HayajJa KOOpAMHAT (CM.
puc.). KoHer 3Toro Bexkropa — Touxka Z — usobpaKeHne
qHCHa 2=2) — 2y =(%) — %5 )+ (Y ~ Yg )i

7\
Ei8%En2
ALANEERD 4

i ol £

by

o
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§ 2. Bexmopnas unmepnpemayusg onepayuii

3anaum Aaf CaMOCTOATEJbHOrO pelleHn A

1. NsobpasuTe Ha KOMILIEKCHOH IJIOCKOCTH KOMILIEKCHOE
YHCJIO 2, €CNU eroc ACHCTBUTE/NbHAA 4YacTh paBHa -3, a
MHUMAs 4acTh pasHa 4.

2. HNaoOpasure Ha KOMILIEKCHOH IUIOCKOCTH KOMILIEKC-
HOe YHCJIO 2, JAJA KOTOPOro BepHBI paBeHCTBa
Rez=-1 1 Imz=-4,

3. H3o06pasure Ha KOMIIJIEKCHOM IIJIOCKOCTHM BCE KOM-

IJIEKCHBIE YUCIa 2, AJA KOTOPBIX BEPHO pPABEHCTBO
Rez=2.

4. H3obpasuTe Ha KOMILIEKCHOM IUIOCKOCTH BCe KOM-

IINIeKCHBIE YHCJIa 2, AJA KOTOPLIX BEPHO PaBeHCTBO
Imz=30 -

5. HaobpasnTe Ha KOMINEKCHOH MJIOCKOCTH MHOYKECTBO
KOMILJIEKCHBIX 9HCEJ 2, 3aJaHHOe YPaBHeHHEM:
a) Rez=0;
6) Imz=0.

6. Msobpasure Ha KOMILIEKCHON INOCKOCTH MHOKECT-
BO KOMILJIEKCHBIX YHCeJ 2, YAOBJETBOPSAIINNX YCJIO-
BUIO
a) Rez<0;

6) Rez>0;

B) Imz<0;

r) Imz20.

a) Rez<0 u Imz>0;
e) Rez>5 m Imz>-2;
k) -4<Rez<-1;

8) -3<Imz<2.
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I'nasa 2. 'eomemputeckas unmepnpemayus KOMRACKCHHWX QUCER

7. Nzobpasute Ha KOMIUIEKCHOH ITNIOCKOCTH MHOKECTBO
KOMIIJIEKCHBIX YHCeJ 2, YIAOBJETBOPAIIINX YCJO-
BUAM;

a) -5<Rez<1 u 2<Imz<5;

0) -6<Rez<-3 m -2<Imz<5.

8. HMaobpasuTe Ha KOMIUIEKCHOM ILIIOCKOCTH MHOMKECT-
BO KOMIIJIGKCHBIX YHCEJ 2, YAOBJETBOPSIONINX YCJIO-
BHIO:

a) Re[-l—J 5—1-;
6

F4
6) —--1-<Re(—1—J <l;
2 z) 2

\
B) Im(l > —l;
z) 4

p
r) l<Im é—)
4 \ £

[

1
< —
2

1 (1) 1
—<Re| = |<—
o e\'z"] 2
e) —-!-<Im[é)<-l-;
4 zZ) 2

x) 1 < Re(-l-)—lm(-l-} < ——1-.
4 z z 8

9. HaiizuTe mromaab GHUrypel, KOTOpasg OrpaHHYeHa
JuHueHd, 3a4aHHOW Ha IIJIOCKOCTH PaBeHCTBOM

Im(lj=-1—.
z) 2

10. Nso6pasure Ha KOMILIEKCHOM IIJIOCKOCTH TOYKH, CO-
OTBETCTBYIOII[HME YHUCJIaM 2, H 2, Pajnyc-BeKTODBI
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§ 2. Bexmopnas unmepnpemayus onepayut

3THX TOYEK M paguyC-BeKTOP TOYKH, COOTBETCTBYIO-
ImeH YNCHy 2 =2y +25, eClH

a) 2, =-143i, 2,=4;
0) 2 =-4i, 2,=3+i;
B) 2, =-1+4i, 2,=4-i;
r) 2, =-4+42i, 2, =2-4i.

11. A3o0pa3ure HAa KOMIIJIEKCHOM IIJIOCKOCTHM TOYKH, CO-

2*

OTBETCTBYIOIIME YHCIAM 2; H 2,, PaAUYyC-BEKTOPEI
3THX TOYEK H DPAAHYC-BEKTOP TOYKH, COOTBETCTBYIO-
el YUCILYy Z=2; —2y, €CIH

a) 2, =-1+4i, 2,=3;

6) 2, =-4i, 2,=3+i;

B) 2, =-1-3i, 2,=5-1i;

r) 2, =-5+i, 2,=1-3i.

Konrpoasnaa pabora

Bapuanm 1

H306pasure Ha KOMILIEKCHOM ILTOCKOCTH KOMILIEKC-

HOe YHCJIO 2, ANA KOTOPOr0 BEPHHI pPAaBEHCTBA
Rez=-2 u Imz=5.

H3obpasure Ha KOMILIEKCHOH ILIOCKOCTH BCe KOM-

IIJIeKCHbIe Yucja 2, AJIA KOTOPBbIX BEPHO PABEHCTBO
Rez=-6.

H300pasuTe HA KOMILIEKCHOM ILJIOCKOCTH MHOMKECTBO
KOMILJIEKCHBIX YHCEJI 2, YAOBJETBOPAIOIINX YCJIOBHUIO
Rez>3 n Imz<-1,

HN306pasure HA KOMILUIEKCHOM IIJOCKOCTH MHOXKECTBO

KOMILIEKCHBIX 4YuUCe)l 2, YAOBJETBOPSIOINUX YCJIOBUIO
-3<Rez<2.
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I'naeéa 2. T COMEMPUNECKAR URMEPNDEMAYUR KOMAACKCHIIX HUCEN

5.

36

HNzo0pasure Ha KOMILIEKCHON HNOCKOCTH MHOMXECTBO
KOMIUIEKCHBIX YUCEJ 2, YAOBJETBOPAIOIIUX YCJIOBUIO
1 1y 1
——<Re| = |=—.
6 z) 2
IlocTpoliTe HA KOMIJIEKCHOU ILIOCKOCTH TOYKM, COOT-
BETCTBYIOIME YUCIIAM 2, U 25, PaJHyC-BEeKTODLI 3THX
TOYeK H PpagUyC-BEKTOPbI TOYEK, COOTBETCTBYIOIIUX
qUCAAM 23=2;+2, M 2,=2—-2,, ecnn 2, =-2+6i,
22 - 3 - io

Bapuanm 2

M3006pasnTe Ha KOMILIEKCHOM IIOCKOCTH KOMILIEKC-
HOe YUCJIO 2, AJA KOTOPOro BepHE! paBeHCTBa Rez=6
U Imz=-4.

HN3obpasnTe Ha KOMIIIEKCHOM IJAOCKOCTH BCE KOM-
IITeKCHbIe YUCJHA Z, AJNA KOTODEIX BEDHO PAaBeHCTBO
Imz=5.

HN3ofpasure Ha KOMILIEKCHOM ILJIOCKOCTH MHOXKeCTBO

KOMIIJIEKCHBIX YHCen 2, Y,IIOBJIETBOPHIOILIHX YCJIOBHIO
Rez<-4 u Imz>3.

HNsobpasuTe Ha KOMILIEKCHOM MJIOCKOCTH MHOYKECTBO
KOMILJIEKCHBIX YMCeJl 2, YAOBJIETBOPAIOINIHX YCJIOBHIO
-2<Imz<5.

N306pasnTe Ha KOMILIEKCHOM IJIOCKOCTH MHOYKECTBO
KOMIUTEKCHBIX YHCeJ 2, YAOBJETBOPAIOMINX YCIAOBHIO

—l < Im(é) < -1-
4 Z) 4



§ 2. Bexmopnas unmepnpemayun onepayui

6. IlocrpoiiTe HA KOMILIEKCHOM ILUIOCKOCTH TOYKH, COOT-
BETCTBYIOIIlME YMCJIaM 2, U 2,, PaJHyC-BEKTODBI 3TUX
TOYEK H DPafguyC-BEKTOPH TOYEK, COOTBETCTBYIONIMX
YUCHAM 29=2;+2, U 24=2, -2, eCIn 2 =-2-4i,
2, =5+2i.
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I'nasa 3. TPHFTOHOMETPHYECKAA
POPMA KOMILJIEKCHOI'O YHCJIA.
MOAYJb H APTYMEHT
KOMIIJIEKCHOI'O YHCJIA

§ 1. IlonapHBIe KOOPAMHATHI TOYKH
H ee paauyc-BeKTopa

B npepniayine riaBe Mbl MOKA3ANH, UTO KAXKJIOMY KOM-
IIeKcHoMy 4mcay z=x+yi (xeR,yeR) moxer Gurrs 10-

CTaBieHa B COOTBETCTBME TOuka Z(x;y) Ha KOMILIEKCHOM
ITOCKOCTH, 8 KaX/I0i ToYke — pasmyc-BekTop Z(x;y).

Touky Z MOMKHO 3a/1aTh TAKIKE APYroi rnapoy uuceg —
TOJIAPHBIMH KOOPAUHATAMH. ' — pPACCTOAHUEM OT Havaja
roopauHat (Touku O) u yriaom ¢ mexay gyuom OZ u no-

JIO¥KHUTEJHLHLEIM HallpaBjieHueM ocH abciumcc.

YA

Z(r;e)

CooTBETCTBEHHO pafgUyC-BeKTOD TOUKH Z 3ajaercs
TeMH JKe YHCJIaMH, TO €CTh 2 (r; q)), rage r — pauHa (Mo-

OyJIb) BEKTOpPa, @ — YroJ MeXAY BeKTOpOM u ockio Ox.

T panbHeHIero uaydyeHusa KOMILJIEKCHBIX YHCEJI HAaM
Heo0OX0/HMO BCOOMHHTE HEKOTOPEIE CBEIEHUSA O BEKTOpax.
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§ 1. ITonnprvie xoopdurnams. mouxu u ee paduyc-eexmopa

Bameuannme 1. Moayas (aguHa) BekTOopa Z(x;y)

paBeH |§| =yx? +y°.

SaMeuaunue 2. Yroa MexAy paguyc-BeKTOPOM H
HOOJIOPKUTEJIbHBIM Hanpap/JeHHeM ocH aGCOouce — 3TO yroJ
IIOBOPOTA, NPH KOTOPOM IOJOKHTEJBHOE HAaIlpaBJIeHUue
ocH abcHucc ImepexoAUT B JyY, 3aJalOIIHil HanpaBjieHHe
HAHHOTO BEKTOpPa, IPH 3TOM HAYaJIO0 JIyda €CTh HadYaJIo
KOOPAHHAT. ¥YTOJ CYHTAETCH NOJOYKHUTENBbHEIM IIPHU IIOBO-
poTe IIPOTHB 4YaCOBOM CTPENIKU H OTPHIATEAbHBIM IIPH
IIOBOPOTE 110 YaCOBOM CTpeEJIKeE.

Ipumep 1. B KOOpDANHATHONH NJIOCKOCTH 3aJaHBLI BEeK-
TOpH 2, B 2, (cM. puc.). Haiigure ux mMoxynm (BJIuUHEI).

Kakne yrael oHH O0pasyioT ¢ IIOJOKHUTEJNLHBLIM HANpaB-
NeHneM ocum abcmmucc?

Pewernue. Taxk xKak 2'1(-3;~/§), Z,(-5;-5), To

12| =V(=3)% + (V3)% =248, [5,|=(-5)? +(-5)? =5V2.

JIyau OZ, sasaserca obpasom jdydya Ox IIpu 10BOpPOTE

. om
HA Yroj, PaBHBIN ?’ a Tak)ke IpPH IIOBOPOTE HA Yroa

5r 17n 5514 19x
— 42t =——, UIn ——-4n=—-—— u TaxK gajee.
6 6 6 6

NI
-

i

|
LN )
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I'anaea 3. Tpuzonomempuueckan popma KOMRAEKCHOZO YUCAA

IToaToMy BepHO yTBep)KAEHHMe, 4TO BEKTODp Z, obpasy-
eT C IIONOMHUTEJLHEIM HAIIPABJEHHEM OCH abCuucc yrona

T
?+2nn, rae n — IPOU3BOJIbHOE I€JI0€ YHCJIO,

AnanornyHeiM o06pa3soM omnpefeiiseM, YTO BEKTOp 2,

o0pasyeT C IIOJOKUTEJLHEIM HallpaBlIeHWeM ocu abcrmce

3n 3n 11in 3n 21xn
yrona _T’ HIH ———2=———, UWIH ——+06n=— H

4 4

3n
TaK Aajiee, TO €CTh ——Z-+21m, rae nez.

OTBerT: 2\f§, 5«/5, %E+2nn, —%4—211:!1, rpe n —

IIPOM3BOJILHOE IIeJIoe YHCIIO.

3amMmevanue 3. HyneBo# BeKTOp 00HO3HAYHO ONpe-
JensgeTcsa MoAyneM (AJUHOM), TO eCTh YIroJ MeXXAy HyJie-
BbIM BEKTOPOM M IICJIOMKHTENBLHBIM HANPABJICHHEM OCH
Ox He paccMmarpuBaerca. Moayab HYJIeBOro BeKTOpa pa-
Ben 0.

3amMeuaHue 4. IIycTh BeKTOp Z B IPAMOYTOJABHOM

AeKapTOBOi CHCTeMe KOODAWHAT UMCCT KOODAUHATBHI X M

y u obpasyeT ¢ MOJIOXKHTENbHBIM HanpapjeHneM ocu abc-
nucce yron ¢. Toraa

x =|§|cOS(p= r cos®,

y =|Z|sinp=rsine.

§ 2. Moayap KOMIIIEKCHOI'O YHCiIa

Onpepgenenune. Moldynrem KOMIOIEKCHOrO YHCIA

2=x+yi, xR, ye R nasniBaerca uucao r =\fx2 + y2 , TO
ectb |2 =r.
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§ 2. Modynv xomnaexcrnozo wucaa

CnoiictBo 1. Ecoin z=x+yi, rae xeR, y=0, To |z|=|x|.

HoxasaTeJlLCTBO 3TOro CBOMCTBA OYEeBHAHEIM 00pasoM
noJy4aercd M3 oOnpejejeHUuA MOAYAA KOMIUIEKCHOTIO
qHCIA.

TakuM o00pasoM, IOHATHE MOAYAS KOMILIEKCHOrO
yucja ABJAETCA pasBUTHEM U 000OIIeHHEM NOHATHA MO-
OyJAS AeMCTBUTEJIBHOTO YHCIA.

CroiicTBo 2. Moayab KOMIUIEKCHOIO YHCJa paBeH MoO-
OYASAM IIPOTHBOIIOJOXKHOIO M COIPAMKEHHOI'0 3TOMY 4YUC-
Jy 4YMcell.

JoxkasareabcTBOo. PaccMOTpUM KOMILIEKCHOeE
yuciao z=x+yi, xeR, yeR, a TakXke DpPOTHBOIICJIOMKHOE
2, =-x-~Yyl W COINpAXKEHHOe 2, =x-Yyi emy 4ucia. Haii-

AeM MX MOAYJH:

z|=|x+yi|=1fx2+y2,

al=lx—yi|= ()" +(4)" ={* +4%,
2| =l -] =% +(-p)" ==+ 4.

CBoiicTBO JOKAa3aHO.

SBaMeuvanue. Yucio r=\/x2 +y? paBHO MOAYJIO
(anune) Bexkropa Z(x;y), To ecTh r =|§|.
Ipumep 2. Haiigure [5].

Pewternue. Tak KaK 5 — AeHMCTBUTENBHOE YUCAO, TO IO
CcBOHCTBY 1 monyyaem: |5|=5.

OrBerT: 5.
Iipumep 3. Haitaure |i|.

Pewernue. 3anmuieM uyuciao i B anrebpauveckoil dop-
mMe: i=0+1i. Torma, no onpeaeseHHI0 MOAYJAA KOM-

nIeKcHoro uucna, moxyamm: |i|=v0®+1 =1.

OrBerT: 1.
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T'naéa 3. Tpuzonomempuveckan Gopma KOMNAEKCKOZO LUCAQ

Ipumep 4. Haiigure [7-4i].
Pewenue. Yucao 7-4i npeacrasiieHo B aarebSpamue-
ckoii ¢opme. Ilo ompezeneHHI0 MOAYIS KOMILJIEKCHOTO

YUCAa HONYIHM: |7-—4i|--=\/7'2 +(-4)" =-/65.

OTBeT: +/65.
Hpumep 5. H306pasute Ha KOMIIJIEKCHOM ILJIOCKOCTH

BCE KOMIIJIEKCHbIC YHCJIa C MOoAYyJeM, PaBHbIM JE .

Pewenue. Bce KOMILIEKCHBIE YHCJIa C MOAYJIEM JE
H300paKaloTCad TOYKAMU KOMILIEKCHOH IJIOCKOCTH, KOTO-

pele ABAAIOTCA KOHIAMH pPagHyC-BEKTOPOB AJHHEI J2.
MHO0eCTBO TAKUX TOYEK €CTh OKPY)KHOCTH C IIEHTPOM B

HaYaje KOODAMHAT U PAguycoM 2.

7Y

Zl= 32

N

&Y

He Hapymasg oOIDHOCTH pacCy)XAeHMM, MOXHO CAe-
JaTh CJAEAVIOIIUN BBIBOA.

Ceoiicteo 3. HzobpakeHrneM MHOXKECTBa KOMILJIEKC-
HBIX YHceN ¢ MoayieM r#(0 Ha KOMILJIEKCHOH INJNOCKOCTH
SAIBJIAETCA OKPYXXHOCTH C HEHTPOM B Havajie KOOPAWHAT H

PaguyCcoM T.
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§ 2. Modyne xomnaexcrozo wucia

JloKa3aTeIbCTBO 3TOr'0 YTBEPKACHUA COCTOUT B IIO-
CJEAOBATENILHOM IIPUMEHEHHMH OIpeAeJeHHs MOAYJIA
KOMILUIEKCHOTO YHCJa U OlpefieIeHUS OKPYXXHOCTH C
LEeHTPOM B HavaJie KOOPAUHAT B PagHyCcOM 7.

IIpumep 6. M306pa3uTe Ha KOMILIEKCHOM IIJIOCKOCTH
BCe KOMIUIEKCHBIE YUCJa ¢ MOAYJIEM, MEHbBOIUM HJIH PaB-
HbIM 2.

Pewenue. Bce xoMnneKcHBIEe 4YHCJIAa ¢ MOAYJIEM,
MEHBIIIMM HJY PaBHBIM 2, H300pa’KaloTcid TOYKAMH KOM-
IJIEKCHONH NNOCKOCTH, KOTOpble SABJIAIOTCA KOHI[AMH pa-
AUYyC-BeKTOPOB AJHHEI, MEHbIIEeN uau paBHOW 2. MHoXe-
CTBO TAKMX TOYEK €eCTh Kpyr' C LEHTPOM B HavaJje

KOOpPAMHAT U pajguycomMm 2.

2y

Hpumep 7. N300pa3uTe Ha KOMILUIEKCHON ILJIOCKOCTH
BCe TaKHe KOMIUIEKCHbIe YUCIA, YTO |z| <4,

Pewenue. Bce KOMIIIEKCHBIE 4YHCJAa € MOAVJIAEM,
MeHbIIIUM 4, wun300pakalTcd TOYKAMH KOMIJIEKCHOHN
IIJIOCKOCTH, KOTOpHIe HABAAITCA KOHIAMH pPaanyc-
BEKTOPOB AJIMHBI, MeHbIneit 4. MHOXKeCTBO TaKMX TOYEK
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I'naea 3. Tpuzoromempuvecxan Gopma KOMRAEKCHOZO YUCAQ

eCTh BHYTPEHHAA YaCTh Kpyra ¢ MeHTPOM B HavYajge Koop-
JUHAT U paguycoM 4.

=Y

IIpumep 8. NaoOpasure HAa KOMIIJIEKCHOH NJOCKOCTH
BCe KOMILJIEKCHBIE YHCJa C MOAyJeM, GOJBLIIMM HJIN paB-
HbBIM 3.

Pewenue. B paHHOHM 3ajaye pacCMaTPHBAKTCA Bce
TOYKH IIJIOCKOCTH, KpOoMe BHYTPEHHHMX TO4YEK Kpyra C
IIEHTPOM B HadYaJle KOODAUHAT H PagaycoM 3.

7

/

7

IIpumep 9. HzobpasuTe Ha KOMNJIEKCHOM HJIOCKOCTH
BCe KOMIIJIEKCHBIe YHCJA 2, YAOBJIETBODHAIOIIHE YCJIOBHIO
2<|2|<4.

Pewenue. B panHOM 33jaue pacCMaTpPHBAIOTCH TOYKH
KOMIUIEKCHOHM ILIOCKOCTHM, KOTOpbi€ SABJIAIOTCS KOHIAMH
pagnyc-BeKTOPOB JJWHbLI, Oosbitel nam paBHOH 2 W
MeHbineii 4. MHOKeCTBO TAKHMX TOYEK €CTh BHYTDEHHASA
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§ 2. Modyav xomnrexcrozo wucaa

9aCTh Kpyra ¢ HEHTPOM B Havyaje KOOPAUHAT W PagHyCOM
4 6e3 BHyTpPeHHEeH 9acCTH Kpyra ¢ TeM e IeHTPOM H pa-
IuycoM 2. 9TO KOJIbIIO, OrPAaHHYEHHOE ABYMS KOHIEHTPH-
YeCKHMH OKPYXHOCTAMM C IEHTPOM B Hayajle KOODAWHAT
u paguycamMu 2 u 4 (IpH 3TOM BHYTPEHHAS OKDPYHOCTh
BKJIIOYEHA B MHOMKECTBO, 4 BHEIIHAA —— He BKJIIOUYEHA).

Y

=
i
o
vy

IIpumep 10. H306pasuTte Ha KOMILJIEKCHOR ILIOCKOCTH
BC€ KOMILIEKCHBIE YHCJIA, YZOBJETBOPAKINUE YCJOBHIO
2|—-4
=40
|2|-2

Pewenue. B panHOi 3agatde paccMaTpPHBaIOTCA BCe
TOYKH ILIOCKOCTH, KPOME TOYEK, PaCHOOJOKEHHBIX MEMAY
KOHIEHTPUYECKUMH OKDY’KHOCTAMH M Ha MeHbINeH OK-

PYHOCTH. I1eHTPbI OKPYXHOCTEH — HAYaJI0 KOOPAHHAT,
paguycel paBHBI 2 U 4,

4

/

KN
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I'naea 3. Tpuzonomempuveckan Gopma x0MRAEKCHOZ0 HUCAA

Ipumep 11. N300pasure Ha KOMILIEKCHOM IIJIOCKOCTH
MHOSKECTBO IHCEJL 2 TAKMX, 4TO |z2-5-i<4.

Pewernue. HanoMHNM, 4YTO reoMeTpHYECKO¥ HHTEp-
nperanyedl MOAYNASA PAa3sHOCTH JABYX YHCeJ, B TOM YHCJE M
KOMILTEKCHEIX, ABJSETCA PaCCTOAHHE MeXAY COOTBETCT-
BYIOITHMH TOUYKAaMW. B ZaHHOM ciyyae peyb MAET O pac-

CTOAHUU OT HEeKOTOPOH TOUKH 2 KOMIIJIEKCHOM ILIOCKOCTH
[0 TOYKH 2, =5+i. Takum oOpasoMm, IojiydyaeM Kpyr pa-

Zuyca 4 ¢ HEHTPOM B TOYKe 2, =5+i.

AY

N

i
o
0“1.6 7 Ix

NN
NN

IIpumep 12. N306pasure Ha KOMILIEKCHOH IINOCKOCTH
MHOXKECTBO YHCEJ Z TAKUX, YTO |z—5| s|z+7|.

Pewenue. B pannoil 3apadye HYXHO U300pasuTbh MHO-
JKECTBO TOYEK KOMILJIIEKCHON ILJIOCKOCTH, PACCTOAHHE OT
KaXXA0# M3 KOTOPLIX A0 TOYKM (5; () MeHBIIe HIU pPABHO
paccToAHAK A0 ToukM (—7; 0). 9ro npamasa x=-1 m
npaBas MOAYILUIOCKOCTBH, OrpaHMYeHHasA 3TOU IIPAMOMH.

N
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§ 3. Apzymenm xomnnexcrozo wucaa

§ 3. Aprymenr
KOMILJIEKCHOr0 YMCJIa

Pagnyc-BeKTOP TOYKH Z KOMIIJIEKCHOH IIJIOCKOCTH
3afiaeTcsa ABYMA YHCJIAMH: I° — JAJIWHOHM (MOZYyJEM) Bek-
TOpa, @ — YIJIOM MEXJY BEKTOPOM M IOJIOXKHUTEJNLHBLIM
HanmpasJjieHueM ocu Ox.

3Jamevyanue 5. Ecaiu ¢ — aprymeHT KOMILJIEKCHO-
ro 4ucja 2z, to Jnoboe uucno BuAa @+2nn, rae neZ, .

TaK)Ke ABJIAETCHA APryMEHTOM AAHHOro YMcja z. BepHo m
ofpaTHOe YTBep)KIEHHE: €CJIU YHUCIO ¢ ABAAETCA apry-

MEHTOM JAHHOro KOMILUIEKCHOrC 4YHCAa 2, TO OHO Ipej-
CTAaBUMO B BuUAEe (=¢+2nn, rae n — HEKOTOpoe Oenoe
yuciao. 06a yTBepKAeHHA OYEBMAHBIM 00pasoM CJIeAYIOT
M3 CBOMCTBA IEPHOZAMYHOCTH TPHINrOHOMETPUYECKHX
byRKmuii.

CuoiictBo 4. J[Ba HeHYJEeBBIX KOMILJIEKCHBIX UHUCAA
PaBHLI TOrJa M TOJBLKO TOrAA, KOrja WX MOAYJM PaBHHI, a
apryMeHThbI OTJIMYAIOTCA Ha 2nn, rae nei.,

IlpepnaraemMm wurtarenio AOKa3aTh 3ToT (axT camo-
CTOATENBLHO.

Hpumep 13. N3o0pasuTe HA KOMIIEKCHOM IIJIOCKOCTH

n
BCe KOMIIJICKCHEIC YCJla C apryMeHTOM E.

T
Pewrenue. Bce KoMILNIEKCHEIE UHCJIA C aprYMEHTOM 5

H3006paYKaAIOTCA TOUKAMM KOMILIEKCHOMN IIOCKOCTH, KOTO-
phle ABJIAIOTCA KOHIAMHM HEHYJIeBBIX paJNyC-BEKTODOB,
of6pasyomux ¢ NOJOXKHTEeNbHBIM HAINpaBjieHueM ocu abce-

T
IIMCC Yroa 3 MHoOKeCTBO TaKHMX TOo4YeK eCThb ayu OZ,

KOTOPBI# 06pasyeT ¢ IIOJO0XXHUTEJBbHBIM HalpaBleHUEM OCH
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I'nasa 3. TpuzoromempuiecKas Gopma KOMINEKCROZO KUCRA

T
abcmucce yroa 3 3aMeTHM, 4YTO IIPH 3TOM HMMeeTcs B BHU-

Ay xy4 0e3 HaYaJIbHO# TOUYKH.

o
nY

Ipumep 14. H300pasure Ha KOMIIJIEKCHOM IIJIOCKOCTHU
b
BCE€ KOMILJIEKCHBIE YHCJIA C ApPryMEHTOM —E+21m, nel.

Pewenue. Bce KOMIUIEKCHBIE YHCIA ¢ aApryMeHTOM
T .,
—-6+2nn, neZ wus3obpaalwTcid TOYKAMH KOMIIJIEKCHOH

ILUIOCKOCTH, KOTOphIe MABJAIOTCA KOHIIAMU HEHYJEeBBIX
paguyc-BeKTOpOB, oOpasyoiqUux ¢ IOJOMXKHTeJIbHBIM

T
HanpaBJIeHHEM ocu abcruce yroa -E. MHOXeCTBO TaKuUX

TodeKk ecTh ayd OZ, koropeit ofpasyeT C IOJOKHTE/b-
n
HBIM HAIpaBjleHHeM ocu abcrucc yrona —E. Hanomanm,

YTO IIPYU 3TOM UMEEeTCs B BHAY Jy4 0e3 HAYaANBHONW TOYKH.

7]
1
5 L
§ \\1\&‘"
argle \k

-3 E
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§ 3. Apzymenm xomnaexcrnozo wucaa

IIpumep 15. H3o0pasuTe Ha KOMIJIEKCHOH MJNIOCKO-
3n
CTH BCe KOMILIEKCHBIE YHCJIa C apryMeHTaMu _T+ nn,
nelZ,
Pewerue. Bce KOMILIEKCHBIE YMCJA C aApryMeHTaAMH
3n .
——4—-+1m, neZ wu300paKarOTCA TOYKAMH KOMILJIEKCHOM

MMAOCKOCTH, KOTOpPHEIE ABJIAIOTCA KOHIAMYW HEHYJE€BbIX

pPagHyc-BeKTOPOB, O0OpAa3VIOIMIHX C IIOJOMKUTENbHLIM Ha-

3n T
npaBjJeHueM och abcruce yriml —T HIN Z MHOXeCTRO

TAKHAX TOYEK eCTh IpAMad Yy=X C BBIKOJOTOH TOYKOM
(0; 0).

IIpumep 16. N306pasure Ha KOMILJIEKCHOH IIJIOCKOCTH
BCe KOMILIEKCHBIe YUCJAa C apryMeHTaMH (¢ TaKHMH, 4YTO

11n Or
oL p<—.
12 4
Pewenue. Bce KOMILIEKCHBIE YHCA8 ¢ VKA3AHHBEIMH ap-
ryMeHTaMu H300pa’KaloTCA TOYKAMH KOMILJIEKCHOH ILIOC-

11
KOCTH, paCIOJIOKEeHHBIMH HIUKe JydeH y =[tg __n) X,



I'nasa 3. Tpuzonomempuueckan opma KOMNRAEKCHOZO YUCAA

x<0 n y=x, x>0. Oro yron 6ea ogHON U3 CTOPOH U Bep-
IIMHE! (CM. PHC.).

u l/ |

s L1

'__,_.u-"'

£ -

- L [ L1

- B 1 L1

e ] —_— F‘____.-—-'

l =G|
- | - ]

..--:[ - - - AT

- B — “,..-""‘ ml]

—T | L4+T ] L4111 L+ il

— ‘_.-—"""‘ 1 — et

sl _.-*""/t-"‘" il ]

IIpumep 17. U306pasuTe Ha KOMIIJIEKCHOIl IINIOCKOCTH
BCe KOMILIEKCHEIE YHCJIA C ApryMEeHTaMH (¢ TaKUMH, YTO

n 11xn
_Sm<_.
4 12
Pewienue. Bce KOMIUTEKCHBIE YHCIA C YVKA3AHHBIMH

apryMeHTaM#u W300paKaloTCad TOYKAMH KOMILIEKCHOH
IUIOCKOCTH, PACHOJOMKEHHBIMH MeXJy JydYaMH y=X,

x>0 u y=[tg}1}§£)x, x<0. Iro yron 6e3 ogHOM U3 cTO-

POH M BepmiMHEI (CM. pHC.).

—-"br
— — i —
- | et
el e
—— | ee=t a1
-
-y
] - ]
'. ‘/
'Iu-q

A
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§ 3. Apzymernm xomnnexcnozo wucaa

Hpumep 18. N3006pasuTe Ha KOMIIJIEKCHOM IJIOCKOCTH

BCe KOMILJIGKCHBIE YHUCJIA C APrYMEHTaM# (¢ TaKHMH, YTO
hrn <p< n
6 4

Pewenue. Bce xOMILJIEKCHBIE YHCJIA ¢ VKA3aHHLIMU ap-
ryMEHTaMu HU300parkaloTCH TOYKAMH KOMIIJIEKCHOM ILIOCKO-

- 3
CTH, pacCloOJOMMECHHbBIMH HHMKE JIYYEH y=—?x, x<0 mn

y=x, x>0. Iro yrox 6e3 CTOPOH K BEPIINHLI (CM. pPHC.).

vk ISR
L4 =
‘e .
1 o 0 ""“--:
IRRENREENE N
‘gbp,.‘;t?\‘\
P o W N B
J\-._\ ] ~J T~
'{t SESAE
IENENS NS SUSASAS N
] "*--\'“‘-\ [ "“'\\ "'--.b\ ]
NNANAENENENS x

Hpumep 19. Hzo6pasure Ha KOMNIEKCHOH IIJIOCKOCTH
BCe KOMILJIEKCHBLIE YMUCJA ¢ aPryMeHTaMu ¢ TAaKHMH, 4TO

RILS

<@P<—
3 4
Pewenue. 3ameTuM, 4TO AJAMHA HHTEpPBAJa 3HAYEHUN

m 11n) 47=n
(¢ paBHa 1 1 73 = 13 n oHa Oosmrme 2n. Hamom-

HUM, 4TO APryMEeHT KOMILIEKCHOr0 YUCJIA ONPeReadeTCH C
TOYHOCTBIO 0 27N, ne€Z., 3TO 03HAYaeT, YTO €CJU apry-

MEHT KOMILJIEKCHOro YHUCJa 2 paBeH ¢, TO M Jboe YuCiao
BHUAA ¢+27nn, ne€Z Takyke sBasgercA aprymedTom z. Ilo-

3TOMY 3afaHHOE YCJIOBHE OIpefensieT BCe KOMILIEKCHLIE
yHucjaa, KpoMe Hyas. VsoOpakeHmeM JAHHOIO MHOYKECTBA
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I'naea 3. Tpuzonomempuiecxan popma KOMNNEKCHOZO LUCAA

quce) ABJAETCA BCA KOMILIEKCHAA ILJIOCKOCTL 6e3 ToOuKH
O — HavaJa KOOPIHHAT.

Hpumep 20. A306pasnTe Ha KOMIUIEKCHOM IIIOCKOCTH
BC€ KOMIUIEKCHBIE YHUCJIA ¢ APrYMEHTAMH () TAKUMU, UTO

<p<=
3 3
Peuwienue. 3aMeTM, 4YTO AJIMHA WHTEpPBAJa 3HAMEHWH

T on
¢ paBHa 5—(—?]=2n. Ho 3aTto — npomexyToK, He CO-

Aepxamuid KOHMOB. Ilo3aTOMYy B 3asaye OIMMCAHBLI BCE KOM-
IJIeKCHBIE YHCAa, HMEIOIIAe apryMeHT, OTJAUYHBIA OT

n
-§+2nn, neZ, T0 €CTh BCe KOMIIJIEKCHBIC YHCJIa, KpoMe

T
HYJA H KOMIUIEKCHBIX 4YHCeJ C apryMeHTOM §+21m,

neZ. NaobpaxenneM AAaHHOIO MHOKECTBA YHCEJ ABJAET-
CA BCS KOMILIEKCHas ILJIOCKOCTh 6e3 Touxku O — Havaia

KOOPAMHAT, a TaKxe 0es jyya Yy =x3, x>0.

IIpumep 21. A306pasnTe Ha KOMIIJIEKCHOH IIIOCKOCTH
BCe KOMILIEKCHBIE YHMCJIa ¢ APryMEeHTaMu (¢ TAKUMUY, 4YTO

5314 n
2o,
3 773

Pewernue. 3ameTnM, 4YTO AJINHA WHTEepBaja 3HAYCHHUH

T 5n
¢ paBHa —5—(——3—]=2n . B maHHOIl 3agaye OAWH U3 KOH-

OB IpHHAAJEXKHT MHTepBagy. IlosTomMy B 3ajade ommH-
CaHBl BCe€ KOMILJIEKCHbIE YHCJ/Ia, HMEKIHe aprymMeHr, TO
€eCTh BCe KOMIIJIEKCHbie YUCJa, KpoMe HyJA. N3obpaxke-
HUEeM JAaHHOrO0 MHOMXECTBAa YUCeJl ABJIAETCH BCA KOM-
IUIeKCHAA IIJIOCKOCTh 0e3 Toukum O — Havajna Koopau-
HAaT.
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§ 4. Tpuzonomempuueckan Gopma KoMnAEKCROZO YUCAA

§ 4. Tpuronomerpuueckas gopma
KOMIIJICKCHOr'0 YHCJA

PaccMoTpyuM HA KOMILIEKCHOW ILIOCKOCTH BCe KOM-
IUIeKCHBIe vucjaa ¢ Mofgysem 1. HsobpaxxermeM MHO-
JKECTBA TaKUX YUCEeN ABJAACTCH OKPYXHOCTBH C IEHTPOM B
Havajie KOOpAWHAT W paguycom 1.

1
SEER
(e TN

s

Ilycrts TOouka P, — TOUKAa IepeceyeHHA OKPYKHOCTHU
C MOJOXHTEJLHBIM HAallpaBiieHueM ocu alcomcce. Pac-
CMOTPHM TOYKY P OKDYXKHOCTH, HU300paKalollyi0 HeKO-

TOPOe KOMILIeKCHoe unucio 2. Touka P aBagercsa o6pasom
TOYKu P, mpu nosBopore ¢ neHrpoM O Ha yroa ¢, ImpuyeMm

YIroJl oIpeAeNeH C TOYHOCTBIO Ao 27nn, neZ. Torpa
abcoucca x ToukH P pasHa Cos@, a OpAWHATA Y paBHA
sin¢. IlosaToMy KOMIJIEKCHOE YHMCIO Z 3ajgaeTcs (opmy-

JI0¥
2=cosp+isine.

Tenepp paccMOTPUM IPOU3BOJBHOE, OTJIAMYHOE OT HY-
N1, KOMILJIEKCHOE YUCJIO 2 ¢ MoAyaeM r. OueBuauo, r=0.

z
Torga — -— KOMILIEKCHOe YHCJI0, MOAYJAbL KOTOpPOro pa-
r
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Tnasa 3. Tpuzonomempuieckan Gopma KOMAAEKCHOZO LUCAA

BeH 1. IloatoMy cymiecrByer 4HCJIO ¢ TakKoe, 4YTO
2= cos@+ising, TO eCTb 2= r(cosq)-i-isin(p).
r

Onpepenenue. 3Bamucs z=r(cose+ising) mpn

r+#0 HaspIBaeTCAd MPUZOHOMempPuYecKoil (opmoii KoM-
IJIEKCHOIro YHCJIa 2.

Uucna r ¥ ¢ Ha3BIBAKTCA MOOyJlleM W aGpzyMeHmom
KOMILIEKCHOro yucixa 2. Jjaa Moayas W apryMeHTa HC-
IIOAB3YIOTCA TaK)Xe 0003HAYEHH:

r=lz|, p=argaz.

OGeIuHO BBRIOHpPAIOT 3HaYeHHEe argz, OIpeAeNeHHoe
HEePaBEHCTBOM - <P T.

HanoMauM, 4TO MOAY/Ib KOMIUIEKCHOIO YHcCAa Z=X + Yi,
xeR, yeR nmaxogurca mo ¢popmyste

r=yx?+y°.

ITocKONBKY 2=X+iy=rcos@+i-rsing, momydaem co-
OTHOOICHHUS:

(*)

X =rcoseo,
y=rsine.

3damedanue 6. N3 onpeaeneHus cireayer, dYTO
ypcao 0 HenmpeacTaBMMO B TPHIOHOMETpPHUYECKOH ¢op-
Me. Moaynp uucyaa (0 paBeH HYJIO, a apryMeHT He OIpe-
HeNieH,

OrMeTuM, YTO JNio60e NOJOKHTENbHOE AEHCTBHTEIb-
HOE Yucho H3o0pakaeTCA DPaguyC-BeKTOPOM, KONJIHHeap-

HbIM ocu abGcrucce. CiefgoBaTe/ibHO, aPpryMeHT Ji060ro mo-
JOKHUTEJIBHOTO AeHCTBUTENBHOr0 4YHCIA paBeH 271n,

neZ, B TOM 4YHCJe U HYJIIO.
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§ 4. Tpuzonomempuvecxkas popma KOMRACKCHOZO KUCAQ

ApryMeHT mi060r0 OTPHIATENBLHOrO AEHCTBUTENBLHOIrO
yHC/a paBeH YHCJIY T H Boobme ao6omy umcay Buza
(2k+1)m, rae neZ.

Aprymenr nipoboro uncna Buga bi, rae b>0, pasen Lid
# o6oMy YMCay BHAA §+2nn, neZ. Ilpn b<0 aprymeHT

_ T
yucaa bi paBen —-§+2nn, nelZ.

Ipumep 22. IIpeacraBbTe B TPHrOHOMETPHYECKOM
dopme uucao 1.

Pewernue. Moagyns nanHoro yucjia paBeH 1, aprymMenT
paBeH 0. Iloaromy 1=cos0+isin0.

OrBerT: cosO+isin(.

IIpumep 23. IlpeacTaBbTe B TPHIOHOMETPHYECKOH
dopme uncio 0.

Pewenue. ApryMent uncaa (0 He onpepeseH, noaroMy
yucio 0 HEeBOZMOJKHO IPeACTABUTL B TPUTOHOMETpUYE-
CKOM ¢opme (110 oIpeleNeHHIO TPUrOHOMETPUYECKOH
dopMB KOMILJIEKCHOI'O YHCJA).

OrBeT: uncao 0 npeAcCTaBMTE B TPHUrOHOMETPHYE-
ckoit popMe HEeBO3IMOMKHO.

Hpumep 24. IlpeacraBhTe B TPUrOHOMETPHYECKOH
dopme umcao 5.

Pewernue. Moaysp JaHHOrO YMCJa paBeH 5, apryMeHT
paser 0. IToasromy 5=5(cos0+isin0).

OrBeT: 5{cos0+isin0).

Iipumep 25. IlpeacraBbTe B TPHUIOHOMETPHYECKOH
topme umciio —8.

Pewenue. Moaynsr AaHHOrO Yucjia paBeH 8, aprymMeHT
paBeH 1. ITosTromy -8=8(cosn+isinn).

OrBeT: -8=8(cosn+isinn).
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I'naea 3. Tpuzonomempuuecxan popma KOMRAEKCROZO YUCHA

Ipumep 26. IlpeacraBeTe B TPHrOHOMETPHYECKOH
dbopme uucao i.

Pewienue. Mogyns paHHOrO “IMCJIA paBeH 1, aprymeHT
n » n - - n
paBeH —. IToaromy z=cos§-+;sm§.

2
OrBerT: cos-g--t-isin-g.

IIpumep 27. IlpeacraBbTe B TPHIOHOMETPHYECKOI
dopme gucio 2=-1+i.

Pewenue. Cravana HatizeM MOAYJL YHCIA:

=Jx?+y? =y(-1)° +12 =2,

A BBHYUCIEHUA AaprymMeHTa, HCNOJAb3yd (opMysnl
(*), nonyuaem:

1
X=rcosQp = —1=J§coscp = COSQ=——=;
V2

y=rsing = 1=2sing = sin(p=——!-.

V2

Temepr HalifeM OJHO U3 4YHUCEJ ¢ TaKHX, 4YTO

| B 1
COS(p=—7§" 31n(p=7§- HaIIpUMep, % (Touka, m300pa-

JMapilasaga JaHHOEe KOMIIJVIEKCHOe 4YHCIO, PacnojiosKeHa BO

BTOPOH KOODAWHATHOH 4YeTBEPTH, W 3HA4YeHHe argz= 3:
ynonne'rnopae'r ycioBu -n<argz<n). Iloxyuaem:
2 cosT, y= \/Esm—-
HUrak, -1+i= Jﬁ(cosa—:-+ i s1n%“—)

OTrBerT: &[cos%’i+isin%}.
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§ 4. Tpuzonomempuieckas Gopma KOMRAEKCHOZO YUCAA

IIpumep 28. IlpeacraBbTe B TPHIOHOMETPUYECKOM
thopme TucIO z=1-3i.

Pewenue. r=|2| =\f12 +(—\/§)2 =J1+3=2.

1=2003(p=>003(p=—1é, 2simp=—~/§ =>_sin(p=-—§-, OTCIOAA
OJIyJIaeM: cp=argz=—g (Touxa, uszobparkaImAana 3agaHHOe

KOMIUIEKCHOE YUCN0, HAXOAUTCH B Y€TBEPTOH 4eTBEPTH).

/
Hraxk, 1—J§i=2[cos(—£]+isin —ED.
3 . 3

\
OrBerT: 2 cos(—£]+isin(—-1—t) .
3 3/)

Sameuanue 7. s ¢dopmyxa (¥) creayer, 4To;

singp Yy
tgo= ==
cos® x
Ecaun x>0, TO yucio z pacloNoXeHO B [NePBOM WUJIH

YeTBEepPTOil KOOPAUHATHON YeTBEPTH, U argz=0¢= arctg%.
L,

x

Eciu x<0 u y<0, to argz =(p=—n+arctg-‘i-’-.

Ecmu x<0 n y>0, To argz=¢=n-arctg

Ilpumep 29. IlpeacraBbTe B TPHUIrOHOMETPHYECKOI
¢dopme unciao z=-2-3i.

Pewenue. r=|9:|=\f(—2)2 +(-8)* =13. tgcp:“—g=1,5.

5

ITockoasky x=-2<0, y=-3<0, TO
¢=argz=-n+arctgl,b.
Hrax, —2—3i=\f1_§(coscp+isin(p), rjae
¢=—n+arctgl,b.
OrBerT: \/l—g(cosq)+isin(p), rge ¢=-n+arctgl,5.
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I'aaea 3. Tpuzouonempuuecnan @pnd KOMNRREKXCHOZO0 HucaAa

3amMeTHM, YTO C IOMOIObLI0 MUKPOKAJIBKYJIATOPA MOMKHO
BBIYUCIINTG RPUOAUNCEHHOe 3HAYEHNEe apryMeHTa, HAIIpH-
Mep, ¢ TpeMA 3HAKAMH Iiocie 3amaTon: ¢=-2,159. Toraa

MOKHO IIOMYYMThH OTBET He TOYHLIH, HO OAMSKHY K peaJib-
Homy: 13 (cos(—2,159)+isin(-2,159)). BaMeTHM TaKxe,

yTO nOpuOJMKeHHbIe OTBeTbl IIOJYyYaloT IMpPH PpelieHHNu
IMIpaKTHYeCKUX 3aAadv, B WHXKeHEepPHLIX pacyerax, Ja U B pe-
anpHoy »xusHU. Ho ¢ MareMaTH4ecKOM TOYKM 3peHHA Bep-
HbIM ABJAETCA TOJbKO TOYHBIA OTBeT, B AAHHOM INpUMeEpe
Jﬁ(coscpﬂsimp), rae ¢=-n+arctgl,5.

IIpumep 30. IlpeacTaBrTe B TPUrOHOMETPHYECKOH

¢dopme yucyo 1 +1..
i

Pewenue. Cravana sanunoieM RKaHHOE YHCAO B aiareb-
panueckon gopme:

1+l_=1+1'(_;)
i i

=1+(-1)i.

Moaynp JaHHOTO YHCJIA pAaBEeH \’12 +(--1)2 =v2. Torma

1+(-1)i= J2 (—1— + (-—I—}J Tenepr HalifeM OXHO H3

'\

1. 1
YuCcea ¢ TAKHUX, UTO cos¢=T, sin@=-—=. Hanpuwmep,
2 J2

Q= -E. Taxnm o6pasom,

bl o 5)
Orser: Jé(cos(_g)+isin(_g]].

IIpumep 31. IlpeacraBbTe B TPUIOHOMETPHUYECKOH
dopme uncao z2=-5-4i.
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§ 4. Tpuzonomempuiecxas opma KOMRAEKCHOZO YUCAA

Pewenue. Halinem MO}J;YJIB yucaa 2:

|-5-4i|=/(-5)* + (-4)* =/a1.

CrnepoBaTenbHo, —5—4i=+41 (—-—-——- — a)
Vil a1
5 4
IIoCKONBKY X =~-——=—<0 u y=-——=<0, TO
NEY Y Va1l

4
argz=¢=-n+ arctg-5—.

OrBer: s/ﬁ(coscpﬂsin(p), rae ¢=-n+arctg0,8.

Hpumep 32. IlpeacraBbTe B TPHMIOHOMETPHYUECKOMH

T .. X
dopMe YUCIO cosg—tsmg.

Pewenue. OGpaTntTe BHUMAHUE: YHUCJIO 3alMCAHO HE B
TPUIrOHOMETPMUECKOH (dopMe, KaK MOXKET IIOKa3aThCHd C
nepBoro B3riasga. Bece Aesno B 3Hake «MuHyC». Ero mHe
OOJKHO OBITH B TDUI'OHOMETDUYECKOH (hopMe KOMILIEKC-
HOro uucna. I mpeAcTaBIeHUsT JAHHOTO YUCJIA B TPH-
rOHOMETpHYeCKOM (opMe MOKHO HAUTH MOAYJb, BbIHE-
cTH ero 3a CKoOKH, a MoToM noAoOpaTh apryMeHr. A
MOJKHO mnoctynurthk unpoine. Ilonpo6yem mnsGaBUTHCA OT
8HAKA «MHHYC», UBMEHUB aprymeHT. Ho usMeHHTh apry-

MEeHT Hajno y ofemx ¢yHKuuil. MoKHO 3aMeTUTh, UTO

T .. X T . s T
COSE“ISIH'§=COS(—EJ-I'ISID(—E). Tenepb 9YHCNO 3alln-

CaHO B TPUIrOHOMETPUYECKOMH dopme.

Y .. T
OrBeT: cos| —— |[+isin| ——|.
( 3) [ 3J

IIpumep 33. IlpeacTaBbTe B TPUTrOHOMETPUYECKOM

T .. =«
¢dopmMe auCIHO cosgﬂsm—ﬁ—.

Pewenue. 1 onarep panHa He TPHrOHOMETPUYECKAS
dopMa KOMILJIEKCHOIO 4YHCJHA: Y TPHUrOHOMETPHUYECKHX
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I'rasa 3. Tpuzovomempusecran Gopma KOMRAEKCHOZO YUCRA

dbyExknuit pasHbie apryMenThi. Ilompob6yeM mepeidTH K
OJHOMY H TOMY JK€ ApPryMeHTY H COXpaHUThL B3HaK
«moc», JnA 3aTroro BocmoJIb3yeMcA CHavasla (PopMyJIOi
NpPHBEJEHHSA, A MOTOM YEeTHOCThI (YHKOMU KOCHHYC H
HEYETHOCTLIO PYHKIIHU CHUHYC:

6

ny .. (. w
=cos| -— |+isin| —=— |,
[ 6] [ 6]

Ilonyuena tpuroHoMerpuyeckas (GopMa KOMILIEKCHO-
ro Yucaa.

OrBerT: cos(—z)ﬂsin(—i}
6 6

Iipumep 34. IlpeacTaBETe B TPHUIrOHOMETPUYECKOHN

®t .. Ixw 7| S 7 T .. X«
cos—+isin—=cos—+isin| n+— |=cos——-isin—=
6 6 6 6 6

T .. =
dopme gyHucIo cos-§+ asm-(—i.

Pewenue. 1 BHOBp JaHa HE TPHUrOHOMETPHYECKAasN
¢dopMa KOMIUIEKCHOTO YHCJAA: Y TPUMIOHOMETPUYECKHX
byukouit pasHrie aprymeHThi. Ho B oTyMyMe OT IIpeAbl-
AyIIero npEMepa 3fech He yAacTca ODOMTUCH HECNOXKHbI-
MH TPHUroHOMerpudYeckumu npeobpasoBanuamu. [Ipupercsa
CHavYaja 3almpucaTh 4ucao B aarebpamdeckod ¢dopme, 3aTeM
HalTH ero MOAYJb, BHIHECTH €ro 3a CKoOKHM, a MOTOM IIO-

t .. n 1 1,
JAo0paTh apryMeHT 9ucJia: cos§+ 131ng=-2-+§a. Moayan

2 2

BaAHUA JAHHOI'O KOMILJIEKCHOTO YyC/ia.

1 1, J2{2 2 JE( n..n)
= +i = cos—HsmE .

1V (1)} V2
umerna pasert f| 0| + | ==~ ITpogomxuM 1peobpaso-

22 2|2 2] 2
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§ 4. Tpuzonomempuieckas Gopma KOMRAEKCHOZO LUCAA

3agaua perieHa.
2 T ,. =
OrBeT: —|cos—+isin— |.
2 4 4
Ilpumep 35. IlpeacraBbTe B TPUrOHOMETPHYECKOM
T .. X
dopmMe yucao -3 cos—7-—tsm-7- .

Pewenue. B ganHON 3anucH ABa <«JMIIHMX» MUHYCA.
Cradyana BHeCceM B CKOOKHM 3HAK «MHHYC», CTOAIIMH ITe-
pex YHUCJIOM 3, M IIOJIYIHM:

T, . = T . X
—3(cos——tsm—]=3(—cos—+r.sm—).
7 7 7 7

Teneps Bocnosb3ayeMca GopMyJIaMU NIPUBEAEHUA:

( n . . n) [ n] . . ( n)
3| —cos—+isin— [=3| cos| n—— [+isin| n——||=
7 7 7 7
( 6 . . Gn)
=3} cos—+isin— |.
7 7

3axada pelreHa.
6rn ., . On
Orser: 3| cos—+isin— |.
7 7
IIpumep 36. IlpeacTaBbTe B TPUrOHOMETPUYECKOM
3n . 3n ),
dopme uncno 4cos——| Hsin— |i.
- 4 4
Pewenue. B pganEOM ciydae AJs npeobpasoBaHuA
yyCJa B TPHrOHOMETPHYECKyH0 (opMy HYIKHO cHavajia
3anucaTh ero B aaredOpandeckoil popme, 3aTeM HAUTH ero

MOJZY/Ab, BEIHECTH MOAYJIb 3a CKOOKM, a moToM rogobparts
apryMeHT 4Hcia.
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I'naea 3. Tpuzonomempuvecxar Gopma KOMRAEKCRO20 YUCAQ

Hrak, 4cos§—1£—5isin§1£=4- __\/__2_ —5-—\@11.
4 4 2 2

Mopayab aucaa paBeH

J{_EJ_ET J{_g\/_é]z :J32+50 _ /82

2 2 4 2

o 422 |5 20 S22 (B )
5

2 2
4
3amerHM, YT | ———=| +|——==| =1, mosromy cy-
[ ~/41] [ ~/41)

mIeCTByeT 4MCiIo ¢ (He eJUHCTBEeHHOe, HO HAM HYXKHO

noaobpare xora OBl OAHO) TaKoe, 49TO COSQP=———

Jar’

sin(p=—i' -T<QPST.

Va1’
Hockoabky tgoe= [—-—\/—%-) : (—ﬂ\/i_-—l-J =%, xX= —2\/_2_ <0,

y=—¥<0, TO

arctgz=-n+ arctgg .

82 . . 5
OrBerT: —é—(coscpﬂsm(p), rpe (p=—n+arctgz.

§ 5. CBolicTBa MOIYJIA M aApryMeHTa
KOMIJICKCHOT'O YHCJA

Emie pas BepHeMCHa K reOMeTPHYECKOM HHTeplpera-
AN CNOXKEHUSA KOMIONEKCHRIX umucen. IIycTh AaHBI KOM-
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§ 5. Ceoticmea modyan u apzymenma KoMRACKCHOZO YUCAA

IJICKCHBIE YHCJA 2, =X, +Yi U Z, =X, +Ysi, & TAKIKe HX
CyMMa — YHCIO 2=2, +2, =(x, +%,)+(y, +y,)i. Paccmor-
PHM COOTBETCTBYIOIIWE 3TMM 4YHCJIaM DaAUyC-BeKTODEI
Z(%50), Zo(xs3yy) m Z(xy+x55y,+y,). Tpu arom
Z=2 +Z,. Ecau BexTOpH Z, M Z, HEKOJJIMHEapHHI, TO
cymiectByeT TpeyroibHuk OZ,Z (cM. puc.). B Ttpeyroas-
muke OZ,Z O0Z, =(z)|, ZZ, =|z,|, OZ =|2|= |2, +2,].

yA

1

L ST |
ﬁ
fulk

;‘
9 ||’
.gll.
-
-
e

N3 m©epaBeHCTBa TPEeYroJBHUKA IOJYyYaeM, YTO
|2, + 25| <|2| +|2,|. Bamernm, uro B mammom ciyuae pac-
CMOTPEHBI KOMILIEKCHbIE YNCAA 2, H 2,, APTYMEHTHI KO-
TOPBIX PA3JIUYHEI, IIPUYEM OTJIHYAIOTCA He Ha YHCIO =,
rge neZ.

O6o0was NOAYYEHHBIH pe3YJbLTAT AOKAIKEM CJEeAYIO-
ee Ba)KHOe CBOMCTBO CJIOXKEHUSA KOMILJIEKCHBIX 4YMCeJI.

CroiictBo 5. KakoBhl ObI HM GBI KOMILJIEKCHEIE YHC-
M8 z) M 2,, BEDHO HEPABEHCTBO |2, +2,|<|2|+(2,].

HokasareancrBo. Ecau aprymMenTel ¢; B @, YH-
cel 2; H 2, OTIUYAKOTCA HE HAa YHUCJIO =N, rae neZ, o,
Kax JOKas3aHO BBIIIE, CIPABEANIUBO HEPABEHCTBO
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I'naéa 3. Tpuzonomempuiecxan Gopma KOMNNEKCHOZO YUCAA

|2, + 23| <|| +|2,|. Ocranocs mokasars, uro cBosicTso Bep-
HO M B CJIy4ae, eCliu ¢, —@Q, =n1n, n€Z.

Ilycts @, —@,=7n, TAe n — HedeTHoe IeJoe YHUCIO.
TorAa COOTBETCTBYIOIIWE YMCAaM 2, ¥ 2, Dpaguyc-
BEKTOPEl 2, W Z, HABJIMAIOTCA IPOTHBOIOJNOXKHO HATIDAB-
nenHEIMH, TooTOMY |2 + 25| <|Z)|+|Z,] m |2 +25) <2 +|2o)-

Ecnu ¢, —@,=7n, rie n — 9YeTHOe WeJN0oe YUCIO, TO
COOTBETCTBYIOLIHME YMCIAM 2, U Z, DafUyC-BEKTOPH Z; M
Z, HBIAIOTCH COHAIDABACHHEIMH, WOJTOMY |2 +Z,|=
=12, +|Z;| u |7 +25|=|2)|+|2|-

o cux 1mOp B AOKA3aTeNbCTBE MBI PACCMATPHBAIM

KOMILJICKCHBIE YNCJIa, MMeEIOINe aApryMeHThbl, TO €CTh He
paBHble Hym0. Ecou xora Obl oAHO M3 YuMCeJX 2, HIH 2,

paBHo 0, TO |2, +2,|=|2| +|2,|-
Taxkum o6pasoM, CBOHMCTBO AOKAa3aHO.

Cnoiicteo 6. KakoBh!l ObI HH OBLIM KOMNJIEKCHBIE YUC-
jJa 2; ¥ 2,, BEDHO HEPABEHCTBO |zl—22|s|zl]+|22|.

HJoxasarenbcTBO. BocmosbayeMCsT TOJABKO YTO
JOKA3aHHBIM CBOMCTBOM, 2 TaK)Xe DPaABEHCTBOM MoxyJei
IIPOTMBOIOJIOMKHBIX dYHCEN (CBOYMCTBO 2) H IIOJYYHM:
|zl—22|=|zl+(—zz)|$|zl|+|—22|=|21|+|22|.

HaiizeM mnpousBegeHHe ABYX HEHYJEBBIX KOMILIEKC-
HBIX YHCeJ, 3alMCAHHEIX B TPHIOHOMETPUYECKOH
dopme. Paccmorpum uymena  z =p(cose+ising) n

2, =cr(cos¢+isin (I)). PackpoeMm CkOOGKH M 3atiumieM YHUCIA
.2y 4 2, B aarebpaudeckoy ¢opme: 2, =pcos@+ipsing,
2, =ccosd+iosin¢g. HaitgemMm ux npousBefeHHe (HAIIOM-

HUM, 4YTO KOMILJIEKCHbIC YHUlJia, 3allUCAHHBIE B a.nreﬁpan-
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§ 5. Ceolicmsa modyns u apzymenma KOMRAEKCHOZO YUCAA

YeCKOM (popMe, MOXHO YMHOMXATh II0 IIPABMJY YMHOXXe-
HHS MHOI'OYJIEHOB):

2 2y =(pcos@+ipsing)-(ccosd+iosind)=
=(pcoscp«ccos¢+i2psin(p»csin¢)+
+i(pcos@-osing+psing-ccosd)=

=po(cosp-cosd-sine-sind)+
+poi(cos@-sind +sine-cosd) =

= (pc)(cos((p+ $)+isin(p+ (|)))

TakuMm obGpasoM, MBI JOKa3aadu CAeAyiolilee CBOMCTBO
YMHOXXEHHA KOMILJIEKCHBIX YHCell.

Ceoiicteo 7. IlpousBeseHueM ABYX HEHYJEBBIX KOM-
IVIEKCHBIX YMCeN SfABJAETCA KOMILJIEKCHOe 4YHCIIO, MOAYJIb
KOTOPOTO paBeH IIPOM3BEACHMIO MOAYJIeH AAHHBIX YUCeJ, a
apryMeHT paBeH CyMMe apryMeHTOB AaHHBIX YUCEJ, TO €CThb

(P:0)-(:0)=((po); (¢ +¢))

OTO CBOMCTBO MOYKHO DACIpPOCTPAHUThL Ha NpOU3Befe-
H¥ie JI000ro KOHEeYHOro KOJMYeCTBA KOMILIEKCHBIX YUCel.
Croiictso 8. IlpoussegeHueM 7 HEHYJEBBIX KOM-
OJNEeKCHBIX YHCeJ ABJIACTCH KOMILJIeKCHOe YUCIO0, MOAYJIb
KOTOpPOTr0 paBeH INPOHU3BEJEHHIO0 MOAyJeill RaHHEIX JUCeJ,
a apryMeHT paBeH CyMMe apryMeHTOB AAaHHBIX YMCEJ.
Ilpumep 37. Haiigure npousBefeHne YUCE]

zl=3[cos}—?+tsin-l—?J H zz—f( OS——lSIII%]

VYKaxure MOAYJAb U aPryMEeHT HauAEHHOro YUCja.
Pewenue. 3aMmernM, 4TO IIepBOE€ YUCJIO NPEACTABJIEHO
B TpPMIoOHOMeTpuuYecKoil ¢opme, a Bropoe — Her. Iloarto-
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I'nasa 3. Tpuzonomempuieckan Gopma KOMRAEKCHOZO YUCAA

MY HNpeaCcTABMM BTOpOe WUHCIO B TPHIOHOMETPHIECKOM
dopme:

T .. T
2, =s/§(cosa—zsm1—2-]=

= (oo sisnl -2 ).

Haitgem mopyap npousBeseHusi, OH paBeH IIpou3Be-
JEeHNI0O MOAYJaeHd AAHHBLIX YHUCeJ], TO €CTh |zlzz| =3~/§ . Ap-

17n T
rYMEHT IDPOM3BEACHUS pPaBEeH arg(zlzz)= +| - =

5 12
199x 791
= =2n+——. HanoMHHMM, YTO apryMeHT KOMILIEKC-
60 60
HOr0 YHCJa oIpefelAeTcd C TOYHOCTHIO X0 27, MO3TOMY
T T9n
arg(z2,)= WY arg(zlzz)=-6—6-.
79~ 797
Urax, 2,2, =3v2 cos— 4 isin—r
172 ‘F[ 60 GOJ

OTBerT: zlzz-SJ_[cos%Hsm J |212,| =3V2,

arg(z,2,) _r
60

PaccMOTpUM omoepauuio JeJeHNA HEHYJEBHIX KOM-
ILJIeKCHBIX IHCell.

CeoiictBo 9. YacTHRIM [ABYX HEHYJIEBBIX KOMILJICKC-
HBEIX 9UCeJl ABJAETCA KOMILJIEKCHOE YHCJO, MOAYJIb KOTO-
poro papeH YacTHOMY MOAYJEH TAHHBIX YHCENX, a apry-
MEHT paBeH Pa3HOCTH apryMeHTOB AAHHBIX YHCeJ.

HJokasarTensbCcTBO. ITycTh JAaHbI quciaa
2, =p(cosp+ising) m 2,=oc(cos¢+ising). Hamomuum,
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§ 5. Ceolicmea Modynn u apzymenma KOMRAEKCHOZO LUCAQ

4TO UX YACTHRIM HA3BIBAETCSA KOMILIEKCHOE YWUCAO Z Ta-
Koe, 4TO 2,-2=2,. OueBnano, uro 2#0 (umaue 2, =0).
0O6o3HauyuM MOAYJIL YMCOA Z KaAK T, 8 ero apryMeHT A.

Ilo CBOﬁCTBY YMHOXEHNA KOMIUVIEKCHBIX YHCEX B TPHIO-

p

HOMeTpuuecKoi ¢opme ot=p, ¢+A=¢. Torma t=-—
o

]

A=¢~-¢. CroiicTBO AOKa3aHO.

IIpumep 38. HaliguTe yacTHOE YnCeN
. 29 ., 29n X ., T
z; =2,4| sin——+icos— | ¥ 2, =—4| cos—-isin—|.
9 9 7 7
YKaKHATE MOAYJIb U apryMeHT HaMAeHHOr0 YMUCa.

Pewenue. CHavana npeacTaBUM AJaHHBIE YHCAA B TPHU-
rOHOMETpPHYecKoH dopme:

3\
2 =2,4(sin£9—n-+icc}s-‘.—:—'!-‘“-:’—‘JE =2,4[sin}—1—£+icos-l-}£)=
9 9 ) 9 9
N
=2s4 COS(E—"]:—I"'TE‘ +iSin(£——]-.-:-l—1-t-) =
2 9 2 9

=2,4 cos(-—-l—s—n-)+isin[—2£) R
18 18
22=-4(cos-1£-—isin£)=4 cos(n—-’-t-)Hsin[n——EJ =
7 7 7 7

( 6n . . Gn)
=4| cos— +isin—-|.
7 7

Haiigem Moayas 4yacTHOro. OH paBeH YACTHOMY MOAY-

z
Je AAHHKIX YHUCeJ, TO €CTh ~1|=0,6. ApryMeHT 4acTHO-
)
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I'naea 3. T;puzouommpuuecmas dopma KOMRNEKCHOZO YUCAA

[zlJ 137 6n  199xn [zl]
ro paBeH arg =- —_——=— HIN arg

2, 18 7 126 2y
199 53n
=21 - = i
126 126
Hrak, z—-O 6[0085i+l81n&J
2, 126 126

4

OrBer: —2—1—=O,6( Osﬁ—+£81 &] =0,6,
126

Z, 126

2 |_53n
arg| — |=—.
z,] 126
M3 cpoitcte 7 n 9 cirexymoT ellie ABa CBOMCTBa MOAY-
e KOMIJIEKCHBIX YUCeJ.

Ceoiicteo 10. KakoBnel 6Bl BHU OLLJIM KOMILIEKCHBIE
uuMCIa 2, M 2, BEPHO PaBEHCTBO (2,2, =|2||2,|.

CeoiicrBo 11. KaxkoBbl 6b HH ObIIM KOMIJIEKCHBIE
|21|
|32|

JHokasaHHLIe YTBED)KAEHUA IO3BOJISIOT HaAM PacCMOT-
peTh eme HeCKOJMLKO HNPHMEPOB reOMETPHUYECKHX MECT
TOYEK, 3a/[aHHBIX YPABHCHUAMMW ¢ KOMILIEKCHLIMHU Iepe-
MEHHBIMY.

IIpumep 39. N306pasnTe HA KOMILTIEKCHOI ILIOCKOCTH
|2-5+4il

z+7-21

qucia 2, u 25, BEDHO PABEHCTBO d &

MHOMECTBO YHCEJI 2 TAKHX, YTO

Pewenue. 38.M9THM, 4YTO AOJaHHOE€ YPpaBHEHHUE DPAaBHO-
CHJBHO CHCTEME

|z (5-4i)| =[]z - (-7+2i) @)
-(-7+2i)=0 2)
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§ 5. Ceolicmsa modyaa u apzymenma KOMAAEKCHOZO HUCAAG

YpaBHeHue (1) 3agaer reoMeTpMUecKoe MECTO TOUYEK
KOMIUIEKCHOH IIIOCKOCTH, pPABHOYAAJEHHBIX OT TOYEK
A(5; —4) n B(-7; 2), To ecTh CepeANHHDBIN NEepPNEHANKYIAD
K orpe3rky AB. OueBHAHO, YTO KOOPAMHATBI BCEX TOYEK
HONYYEHHO MIPAMOM YAOBJIETBOPSIOT HEPABEHCTBY (2).

B i

1 1

ITpamep 40. U306pasure HA KOMIIJIEKCHON IJIOCKOCTH
|2-4,5-3i]

=4,
|z+3+i

MHOXXEeCTBO YHCeJI 2 TAKHX, 9TO

Pewtenue. 310 — ypaBHEHHE reOMETPHYECKOro MECTAa
Touek M(x; y), paccTodHUEe OT K&KAOH M3 KOTODPBIX [0
rouxky A(4,5; 3) B 4 pasa Goanlile pacCTOSAHHA JO TOUKH
B(—3; —1), To ectb MA = 4MB. I'eoMeTpU4YEeCKNM MECTOM
TAKUX TOUYEeK #ABJIAETCH OKPYKHOCTL Ano/ioumsa. Ha-
IIOMHHM, KaK HallTH ee IEHTP U paguyc.

-
—— M
)

M, B M, A

Ha npsamoit AB cyniecTByOT pOBHO 2 TOYKH, YAOBIe-
TBOPAIOLINE YCJAOBUI0O MA = 4MB, npu4yeM ogHa U3 HHX
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'naea 3. Tpuzonomempuveckan Gopma KOMRAEKCHOZO LUCAR

pacIiojioXeHa Ha orpe3axke AB (o6o3naunm ee M,), a apy-
rag BHe OTpe3Ka (o0osmaumm ee M,) Tak, 4TO TOuKa B
ASKUT MeKAYy A u M,. lorkaxxem, uro orpesok M, M, —
AMaMeTp OKPYKHOCTH ANOJJIOHHMA.

PaccMOTpPHM DNOPOM3BOABHYI TOYKY M, OTIHMAYIO
or Touek M, u M, VYAOBJETBOPAIIIYI0 YCJIOBHIO
MA = 4MB. Toraa Trouku A, M, B ABIAIOTCA BepLIUHA-

MA MA
MM TpeyrojlbHuUKa, B KOTOpOM ——=4, =
MB M B
M,A MA MA
= =4. HanmomMHHM, 4YTO paBeHCTBA ——=
M,B MB MB
MA M,A
—= =4 BepHHl TOrja M TOJBKO TOrja, KOrja
MB M,B

MM, u MM, aBAAIOTCA OHMCCEKTPMCAMHM BHYTPEHHEro
BHEIITHEro yrJjioB TpeyroidbEuKa ABM. llpu stom yron
M, MM, npaMoii, N03TOMY TOYKa M JeKNUT Ha OKPYXKHO-
cTH ¢ auamerpom M, M,,

IIpeagnaraem BaM caMOCTOATENBHO AOKAa3aTh 00paTHOe
YTBEepKACHHE, 2 HUMEHHO, 4YT0 ANA nioboit Toukn M OK-
py’XKHOCTH C AwamerpoM M,M, BepHO paBeHCTBO
MA = 4MB.

Hrak, HCKOMEBEIM reoMeTpHMYECKMM MECTOM TOYeK SB-
aserca OKpyxHocTh. IlokaskeM, KaK ee IIOCTPOMTH AJs
AaHHBIX Touek A(4,5; 3) u B(—3; —1). .

3ameTHM, 4TO BM1=%AB u BM, =§A.B, NpH 3TOM

Touka M, pacmoJsio’keRa Ha oTpeake AB, a Touxka B ne-
AHKHAT MeXAy ToukaMu A u M,. Iloaromy aGcuucchl TOYEK

M, n M, paBHEI COOTBETCTBEHHO —3+-§-|4,5—(-3)| =-1,5 u
~3-2{4,5-(-3]=-5,5.
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§ 6. Hpumepv pewenun ypasuenui

MM, — auaMerp HCKOMOH OKPY)KHOCTH, €€ HEHTD —
TOYKA @ — TakyKe JEeXXHUT Ha npamoii AB u umeer abcmuc-

15-55_ o o
2

y‘ . f.’

24\

\

V-

§ 6. Ilpnmepsnl peireHnsa ypaBHeHHH
¢ KOMILIEKCHBIMH NepeMeHHbIMH

PaccMOTPHM pellleHHe [ABYX YDPaBHEHHWil C KOMILIEKC-
HOY IlepeMeHHON.
Npumep 41. Pemure ypasuenue |z-4|=3.

Pewenue. Ilyctb z2=x+yi, xeR, yeR, Ttorga ypas-

HeHHe MMeeT BHUJ |x+ yi-—4|=3. Ynpoitas JeByIO 4YacCTh,

IONYYNM:

x-4)+yil=3, x-—42+y2=3, x—42+y2=9,
(x-4) (x-4) (x-4)

y=19—-(x-4)".

IIpu arom |x—4|$3, -35x-4<3,15x<T7.
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I'naea 3. Tpuzonomempuuecxan opma KOMRAEKCHOZO YUCAA

MHoXecTBOM KOpHE# ypaBHEHUS SBJIAETCH MHOMKECT-
BO KOMILJIEKCHBIX YHMCenX 2=Xx+yi TaKux, 4T0 xeR,

1<x<T, y=i\/9—(x—4)2.
OTrBeT: 2=x+yi, rae xeR, 1<x<7,

y=i\/9—(x—4)2.

Ipumep 42. Pemure ypasrenue 2° —6|2|+8=0.

Pewenue. OGpaTuTe BHUMAHHE, YTO B MHOXKECTBE
KOMILIEKCHBIX YMCeJl PaBeHCTBO 2° =|z|2 He ABAAETCA
Toxgecrsom. Hatipumep, oHO HeBepHO aiaa 2=i. [eHcT-
BUTEJILHO, i%=-1, |i|2 =|0+1:1|2 =0%+1%2=1. Ilosromy Aan-

HOe ypaBHeHuUe He ABJAETCA KBaapaTHBIM. [lnda ero pe-
‘IIeHUd HYXKHO 3alIucaTh YUCIAO 2 B ajrefpantecKon

¢dopMe U YIPOCTUTH JIEBYIO YaCTh YPaBHEHHUA.
Iyers z=x+yi, xeR, yeR, Torma mcxomaHoe ypas-

HEHHEe HNMeeT BUA:
(x+yi)* ~6|x+yi|+8=0,
2%+ 2xyi—y? -6x? +y? +8=0,
(x2 —y? —6\/1:2 +g;;2 +8)+2xyi =0,

Bocrnosib3dyeMcsi yCJIOBHMEM PaBEHCTBa KOMIINEKCHOTO
YUCTa HYJIO H MOMYYUM CIEeAVIONIYIO CUCTEMY:

x% - y? —6\fx2 +y% +8=0,

2xy=0.

72



§ 6. IIpumepvt pewenun ypasuerui

Jra cucreMa pPAaBHOCHJIBLHA CJeAYIOImEeN# COBOKYMHO-
CTH:
~y% -6y* +8=0,
x=0,
< x2-6Jx? +8=0,

y=0.

Pemnm nnepBoe ypaBHeHHUe:

% —6yy? +8=0,
lu[° +6|y|-8=0,

|y|=—3:t\/ﬁ.

Tak kax |y|20, To |y|=—3+\/1_7, y=i(-—3+\fﬁ).

Peinenus nmepBoit CUCTEMBI: (0; ~3+17 ), (0; 3 —\/ﬁ ) .

AHaJIOrHYHBLIM 0GpPA30OM IOJIy4YaeM peIIeHusT BTOPOH
cucremsr: (-2;0), (2;0), (-4;0), (4;0).

OrBer: -4; -2; 2; 4; (—3+Jﬁ)i; (3—\/ﬁ)i.

3amaum aaA CaMOCTOATEJIBHOIO pPelIeHHs
1. Hasaure:
a) |-9,1;
6) |7-4v2|;
B) [3+6i;
r) '-i+8|;
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T'naea 3. Tpuzonomempuieckxan Gopma KOMRAEKCHOZO YUCAR

n) |(2-3i)(2+3i)
) |(2-5)]:

2. HNaobpasure Ha KOMIIJIEKCHOM IIJIOCKOCTH BCE KOM-
IIJIeKCHBbIe YUCJIA, MOAYJIH KOTOPEIX

a) paBHBI Jg ;

0) MeHbIle UM PABHHI 4;

B) MeHbIIE 2;

r) GoJibIlie UJIU paBHH 2;

X) Gonpme 1 u MeHbIIe WK PaBHBI 5.

3. H3o6pasure Ha KOMIIJIEKCHOHM IJIOCKOCTH MHOXKECTBO
YHCeJ 2 TAKHX, 9YTO

a) |z+3—2i|s2;
6) |2—2+3i|<4;
B) 1<|2+2+3i<3;
r) |z+3|<|z-7
) |z+4—i|<|z+4+5i|;

e) ]z+2i < |z-6i;
x) logy,|z-2-3i|>log,, |2-2+5i;

3) T;-Tz-l'ﬂl;
|z+3-]

>1.
|27+

u)

4. HaizxuTe MHOXKeECTBO YACeN 2 TAKHX, YTO
a) |z-3i|=|2+3|=|2-5|;
6) |2+4-2i|=|z+2-5i|=|z-1-2i.
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§ 6. Illpumepovi pewenun ypasnenuit

3.

N306pasntTe HAa KOMIUIEKCHON MNJOCKOCTH BCE€ KOM-
NJIEKCHBIE YHCJIA C apryMEeHTOM

T 2n nn
a) —; r) —+—, ne’Z;
3 3 2

6)—-—2—+2nn, neZ; R) _SnEnn’ nez;

B) ——T-c-+1m, neZ; e) §-T-r'-+£n, ned.
4 6 2

HM306pasure Ha KOMIIJIEKCHOM IIJIOCKOCTH BCE KOM-
NJIeKCHBIE YHCJIa ¢ APrYMEeHTaMH ¢ TAKHMH, YTO

.4 3n n 19x%
—<P<—; —SP<—;
2) §=9<y A
6) _ﬁ< <_.2_n- 11) ZZE( <.E§£-
6 . 3’ 3 P53
Tr 5% n 14
B) —<@p<—; e) ——<Sps——.

) =6 =% ) g =03
IIpeacraBbTe B TPUroHOMETPHUYECKOH (popMe YUCTO!
a) —6; e) 3+4i;

6) V3; x) cosﬁ—isin?ﬁ;
3 3
3n 3n
1+i; 3) cos——isin—;
B) ) co 2 isin 5
r) 1-i; H) —Z[Sinz—TEHcosE];
4 4
n) -4+3i; K) 2-3i.
IIpeacrasbTe B anrebpautieckoii popMe TUCIIO:
( )
a) 2J§ cosﬂﬂsins—1rt ;
N - 6 )
( /
6) 22 cos(-—-?}-)ﬂsin —ij}-D;
\ 4 \ 4
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I'aaea 3. Tpuzonomempuieckas Gopma KOMNAEKCHOZO YUCAA

10. Hafigure npou3sBeseHmMe 4MCENRT 2, U 2,.

76

B) 3(cosn+isinm);

FNEE)

M300pasuTe HA KOMIUIEKCHOM IJIOCKOCTH MHOMKECTBO

quceNn 2 TaKkux, 4To

2+3+2i z2-5-5i
a) —=1; r) . < 2
2-6-4i 2+1+3i
+1+38i Z+8-3i.
6) Ll x) 15
z—-1-3i z-4-3i
43 r|z—1+i| _
B) gra-at _1.; e) <IZ+5+3iI_
z2—-4+3i] 3
LJz+12£|=|:e--10i|.

YEKaxure

MOAYJIb ¥ APryMEHT HAUAEHHOro YHucia.

a) 2, =—5[cos—;+i3in$],

2, =23 (
6) 2, = 3J_(cos
2,=-2/3 (
B) 2, =-3/3 [
2, =2V2 (

6n | . 16n)
COST— isin—— ’

: 25n)
cos——lsm-——— ,

10n)
cos—+lsm————— ;
9

3n 23n)
—~——isin—- |,
8

7

8

13n)
sm—+zco s— |3
8

8

9



§ 6. Hpumepovr peutenus ypasrnerui

r) 2 =15(cosl§£+isin&),
7 7
[ . 12m 121:}
2, =H| sin——+icos— |.
5 5
11. Penture ypaBHeHUE:
a) |z+4i|=3;
6) |z2-3+2i|=4;
B) z—3—2il=4;
r) 22+8|z -9=0;
n) 5z° -8lz|+3=0;
e) 42% +9|2|+5=0.

Konrpoasuaa pabora

Bapuanm 1

1. Briuncanre I5-—12i|.

2. N3o0pasuTe Ha KOMIUIEKCHOH IIJIOCKOCTH MHOMKECTBO
Yyucesl 2 TAKUX, 4YTO
a) 2<|e<4;
|z2-2+1]
|21.

%) |2+4-3i

3. Nzobpasutre Ha KOMIIEKCHOH ILJIOCKOCTH BCE€ KOM-
NJEeKCHbIE YUCJa Z C apryMeHTaMu ¢, VAOBJETBO-

T S5
PAIOIIUMH YCJIOBHIO —-§ Le< ?

4. IIpeacraBbTe B TPUroOHOMeTpUUYecKoM dopMe YUCTO:

a) sin-5-E+icos—5—E; 6) -2+3i.
6 6
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I'aaea 3. Tpuzonomempuiecxas Gopma KOMNAEKCHOZO RUCAA

5. IlpeacraBbTe B anrebpamvyeckos dopMe 4HCIIO
23 cosi—isinﬁ].
( 6 6

6. BrnimonHuTe jedCTBMA M IPEACTABbTE IOJYYEHHOE
yucjo B anrebpamueckoit dopme:

a) 4[COS—+ISIII—] G(cos—ﬁ-—tsm 7“)
8 8/ 8 8

cos130°+isin130°
c0s40°+isin40°

7. Pemmure ypaBHenne |2-2+3i|=3

6)

Bapuanm 2

1. BrruucaaTe |12+9i|.

2. HN306pasuTe HAa KOMILTIEKCHOM ILIOCKOCTH MHOKECTBO
YHces 2 TaKUX, 4YTO

a) 3<|4<6; 6 232,

[z -4+

3. HMsobpasute Ha KOMIUIEKCHOM ILJIOCKOCTH BCE KOM-
IUIEKCHElE YACAA Z C apryMeHTaMu (o, YAOCBJIETBO-

5n 2xn
pPAIOIIUMYU YCJIOBHUIO ——6— <PSs -§-

4. IIpemcraBbTe B TPUIOHOMETPHYIECKOM opMe YHCJIO:
a) cosﬁwsin-’-t-;
3 3
6) 5+4i.

5. IpeacraBpTe B anredfpawdecKoit ¢popmMe wuCIO

2\1_(008-—1‘—13111%]
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§ 6. Ilpumepo. pewenus ypasnenul

6. BrimonHuTre pAe#icTBHA K IpeACTaBbTe IIOJYUYEHHOE
YHCJIOQ B ajgrebpaudyeckoi gopme:

T .. W n ,. Tn
a) 2 cos—+zsm—)-7(cos——zsm—);
9 9 9 9

cos140°+isin140°

6) - .
cosH0°+isinb50°

7. Pemmure ypaBHenue |z+2-3i|=5.
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I'nasa 4. CTEIIEHH 1 KOPHH

§ 1. Bo3Beaenue B cTeneHb
KOMILUIEeKCHBIX uncea. Popmyaa Myaspa

Onpexenenne 1, 2" =z-2-...-2, rae neN,
n

Onpeaenenne 2. z' =2z
Onpepenenne 3. aa 220 2°=1.

a1
Onpexeanenune 4. Ina z0 =z "=—n-, rae neN.
z

N3 npuBefileHHEBIX ONpefesieHUN H CBOMCTBA 5 CoOIpH-
JIO, COIPSAYKEHHOe N-H CTelleHn (n € N) KOMILIEKCHOTO

YyucJja 2z, paBHO N-i CTEIleHW 4YUCJa, COIPAXKEHHOro 4uc-
Jy z, T.e.

(z")=(§')n, neN,

PaccMoTpuM pajnee cTelleHH YHCHIA i.

ITo onpeaesieHUIO IIEPBOM CTEMEeHBbIO YHCJA i ABASIETCH
caMoO YHCJIO i.

BoJsee BbICOKHME CTEIeHHM YHCJAA i HAXOAATCA CHAEAYIo-
oiuM obpasoM:

i°=i*.i=i urar Jajee.
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§ 1. BoageOenue 6 cmenenv KOMRACKCHRBIX YUCEN

OueBugHoO, YTO IPHU JOG0M HATYDPAJNLHOM Il
n
i«ln =(i4) =1; i4ﬂ+1 =i4n ‘i =i;

i4n+2 =i4n .i2 =____1; i4n+3 =i4n .ia =—i .

Takum o0pasoM, CTemeHb YHCH4 | € HATYPAJBHBIM
DOKa3aTeJleM 7 paBHA CTEIEeHH YHCJIa i ¢ IoKa3aTelieM,

PaBHEIM OCTATKY OT A€JIEHHHA YUCHa N Ha 4.

HMpumep 1. Boraucaure %7,

i .99. 4\99 | 99 .
Peusenue. 1397=1994+1=(14) -1=(1) ‘i=i.

OrBerT: i

IIpumep 2. Beruucanre i

Pewenue. 1237 = 8134441 ;1 ;.

Iipuvep 3. Buraucnure: i® +i% +i%6 +i36 4418 + %6,

4
Pewenue. i +i'% +i? +i9’6+i‘*6+z56 it .2 +(14) +

+(i! ). +(i 4)9+(i4)” 2 (it )" =o.
OrBer: 0.
Hpumep 4. Beruncanre (l—i)15 .

Pewenue. (1 -L) ((1-— ) ) (1 —i)=(—2i)7»(1—-i)=

=-128(-i)(1-i)=128+128i.

12537

5\l
IIpumep 5. Beryucaure: 1 lg .

1+i

.5 \14 4 . \14 2V
Pewenue, | 17¢ | _|1-8 i) _ (1:‘_) =
1+3° 1+i® 1+i
1-i) 7
i
| 2=i) (-1)' =-1.

(1+i)°
Orser: —1.
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I'naéa 4. Cmenenu u xopnu

Ilns yopouieHUA BBHIYHUCIEHHUI M0Ne3HO IOMHUTEL, YTO
\2 . .
(1+i) =1+2i-1=+2i;

(Jﬁiif =3/3+9i-3J/3+i=18j
(1iiJ§)3 =1¢3-iJ§+3-(iJ§)2 J_r(u/ﬁ)s ~

Hpumep 6. Beruncanre ——

\...__/

(-if (

Pewiernue. 8i.

(1-13) (( -;f) ] (—8)

5.5
i +3 )

e ) i) ()

(%) -

OrBer: —-1.

Ilns BosBeleHMA KOMILIEKCHOTO 4HCJIA B CTeIleHb C
HATYpaNbHLIM ITOKA3aTeleM, MOYKHO IIPHMERATH (GOpMY-
ay 6unoma HbioroHa.

Hpumep 8. Buryucaure (1+i)5 .

Pewenue. (l+i)5 =1°+5.1*.i+10-13-i2 +10-12 . 3 +
+511 i+ =1+5i-10-10i +5+i=—-4-4i

CreneHb KOMILJIEKCHOrO YHCJa C LEABIM IIoKasaTejeM
IIPOIle HAXOAUTL B TPHIOHOMETpHUYeCKou cdopme.

Ipurmep 7. Beruucaure: {
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§ 1. Bosaedenue 6 cmenendb KOMANEKCHBIX YUCEN

Teopema (Popmyaa Myaspa).
Ilycrp 2 — nmoboe OTAHMYHOE OT HYAA KOMILIEKCHOEe
yues0, n — niodoe menoe yucao. Torga

2" =(r(coscp+isin(p))n =r"(cosnp+isinng). (1)

JoKxaszaTeaAsCTBO.

1) Ana noforo HaTypadbHOro n AoKaxkem ary ¢op-
MyJIy METOAOM MaTEMATHUECKOH WHAYKIIUH, |

Ana n=1 ¢opmyna BepHa. IIpeanonoxxkum, uro ¢op-
MyJia BepHa AnA n=_~k.

To ecTh NPEeATIONOKUM, YTO CIIPABEAJTUBO PABEHCTBO

2 =(r(COS(p+iSin(p))k =r¥(coskp+isinkg). (2)

Jokaxxem, 4TO W3 CIOpPaBEeANHUBOCTH paBeHCTBa (2)
creayer, uro (popmyna (1) cumpaBegnuBa ansa n=k+1.
[Ipumensaa dopmyay (2), npaBmna AeHcTBHI Hag KoM-
NJIeKCHLIMM YUCJAMHP ¥ (GOpMYJIEI A CHHYCA M KOCHHY-
ca CYMMREI ABYX YIJIOB, UMeeM

2* = 2"z =r* (coskp +isinke)(r(cose+ isincp)) =
=r**! ((coskypcose—sin kpsin o)+
+i(sin kpcose +coskpsin ¢)) =
=r*!(cos(k+1)¢+isin(k+1)¢).

To ecrs dopmyna (1) zoxaszana gaa n = k + 1. Cnego-
BATEJLHO, II0 IIPUMHOUIY MaTeMATHYecKOoi WHAYKINH
dopmyia (1) cupaBegnnBa AjdA J000ro HATYPAJILHOrO 1.

2) Ecity n =0 u 20, 10 0o onpegeneHuio 22 =1,

noasromy 2z° =1-(cosO-(p+isin0-(p), t.e. popmyna (1) Bep-
Ha g n=0.
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I'naea 4. Cmenenu u xopnu

3) Ilycte n=-1 1 2#0. Torza uMeem

-_1_ cosO+isin0 =_1_ _ i
? _z_r(cos<p+isin<p) r(cos( 0)+isin( (p))

To ecTs Ana n=-1 ¢opmyna (1) BepHa.
4) Ilycte n — m060e mesyoe OTpHIATENbHOE YHCIIO U
z#0. Torga n=-m, rae m=|n| — HarypaasHOe wmMCIIO.

IIpumMensas onpegesieHNE CTEIEHH C IeJbIM IICKa3aTejieM,
dopmyay (1) crauayna ana n=-1, a 3arem auaa Joboro

HATYpPaAbHOI'O m, HMEeM

() ) o]

= (%Jm (cos(-mep)+isin(-me))=r" (cosng+isinne).

Nrax, dopmyna (1) BepHa pas a00oro mejoro n.
Teopema gokasaHa.
IIpumep 9. 3anumure B asrebpanyueckoit Gopme 4HCIAO

17
(V3+i) .
Pewenue. 3anuimeM 4uCio Z=\/§ +i B TPUI'OHOMET-

" T ,. =
puYecKoM opme: z= 2(COSE +isin -6-)
. 17
Torga 27 =| 2 cos—+isin£) =
6 6
=247 (:cus-llﬂri+isin-!—,-?--"E =27 car:)sé—"ri-l-isinﬁ ,
6 6 6 6

wn (3 +i)17 917 (-£+1iJ =216 /3 4 216;

2 2
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§ 2. H3eénevenue xopretll u3 KOMRREKCHOZO YUCAL

IIpumep 10. Bripazure sin4dx uepes3 sinx m cosx.
. . 4
Pewenue. PaccmorpuM BhipaxkeHue (cosx+isinx) .

Ilo popmyne MyaBpa ono paBHO cosdx+isindx. C gpy-
ro CTOPOHHI

2 2

. 4 4 . 3 . .
(COSI+ISIle) =cos x+4icos” x-sinx -6c¢cos” xsin“ x —

—4icosx sin® x+sint x =

=(COS4 x-6cos? x-sin? x +sin? x)+

+(40033 x-sinx —4cosx-sin® x)i.

IIpupaBHAB MHMMEIE YaCTH, IIOJYUNM

sin4x =4cos® x-sin x -4 cosx-sin® x.

§ 2. Hasaeuenne KopReH
M3 KOMIIJICKCHOI'0 YHMCAa

JJokaxeM, 4YTO JAA BCAKOr0 KOMILJIEKCHOrO YHCAAa
r(cos¢@+isin (p) CYIIECTBYET  KOMILECKCHOE  YHCJIO

p(cosB+isind) raxoe, yTo
(p(cose+isin6))n = r(cosp+ising).
HUcnonbaya popmyay Myaspa, noiayuaem:
p" (cosn@+isinnd)=r(cosp+ising).

Moayau ABYX DPaBHBIX KOMIIIEKCHBIX YHCEJI, OTJIHMY-
HbIX OT HYJIf, PaBHBI, & ApI'YMEHTH! OTJIUYAIOTCHA HA yroJ,
KpaTHbI# 27,

IMosromy p"=r, nb=¢+2kn, orTKyma p= or,
¢+ 2kn
n
B vacTHOCTH,

0= , rne kB MoeT ORITh JIIOOBIM IIEJBLIM YHCJIOM.
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I'naea 4. Cmeneru u xopru

mpu k=0 8=2;
n
npu k=1 0=2+2_1t;
n n
npu k= 2 9=$+E—E;
n n
Hpnk=n—1 9_—_<_P. 2(_11'"_1)-13.
n n

Cpeau 9THX 3HaYEeHHMII aprymeHTra HeT paBHBIX. Pac-
CMOTPHMM Pa3HOCTh [ABYX YHCEJ U3 3TOro MHOMKECTBA.
Ilycre R >k,, TOrAR

8, -6, =(3+3k1—)-[‘-"-+3k-2-’i)=2nﬂ.

n n n n

Tak kKak O<k <n u 0<k<n, O<k-k,<n n
O<kl—k2
n
Ecmu k<0 wm k2n, 1o k=ky+np, rae O<k,<n n
o, 2n_o 2ktpr)r
n n n n

<1, 4T0 AOKA3BIBAET HAIIE YTBEDXHAECHUE.

p — neaoe uucao. Torxa 0=

¢ 2kym
== +—+2np. IlonydyeHHOE 3HAYEHUE KODHSI PABHO OJ-
Il n
HOMY M3 HAHACHHBIX paHee.
HT&R, eClI TONBKO KOPEeHb CTelieB n 13 KOMILJIeKC-

Horo uucia r{cosQ+ising) cymecrByer, TO OH MOXeT

OPUHHUMATE JUIND CAEAYIONIUE N 3HaYeHHI:

Qg = W(cosg+ isin—(g];
n n
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§ 2. Hasnevenue xopred u3 KOMRAEKCROZO YUCAA

o, :Q/;(cost_p.igﬁ+isin(p_.+2£);
n n

(p+2(n—1)n+isin(p+2(n—l)1t .
n n

_n
o,y =Vr|cos

HenocpeACTBEHHOH IIPOBEPKOM JIETKO YCTAHOBHUTD,
Acrons3ya popmyany Myaspa, 4TO Kaaoe U3 3TUX YHCEJ

yAOBJETBOPAET COOTHOIEHHIO o =r(cos@+ising) u mo-

TOMY ABJAAETCA KOPHEM n-if CTeNeHM M3 KOMILIEKCHOrO
qucaa r(cose+isine).

Takum o0pasoM, KkKaxwdoe KOMRAEKCHOEe WYUCAO,
OMAUYLHOE OMm HYAR, UMeem POEGHO N KOpHel n-ii cme-
nenuy.

l'eomeTpuuyeckn BCe 71 3HAY€HHH KODPHHA nN-il CTeNneHU
U3 KOMILAEKCHOI'O 4Yucja r(cos<p+isimp) n3o0parxarorca

TOYKaAMH, JeXXKaIUMHU HA OKPYXXHOCTHU C IIEHTPOM B Ha-
yaje KOOPAUHAT, PaguUyC KOTOpo¥d paBeH r. Ecam 3tu
TOYKH COEJQUHUTH IOCIEeAOBATENBHO IIPAMOJUHENHBIMHI
OTPe3KaMH, TO B pe3yJjbTaTe NOJYYMUTCHA IIPABHJIBHLIH 71-
VFOJBHUK.

IIpumep 11. Haiiagure 3HayeHUE 4i.

T
- - E+2T|:k
Pewenue. Taxk Kax i=cos§+sin5, TO %=cos—-—z—-——+

T+ 2nk
+isin—z—-T, rae £=0,1,2,3. Tlosryuaem 4 xopHH:

T[ . 4 n - Tc » T[
Og =CO8S—+181n—, o, =—SlN—+1C08—,;
8 8 8

T .. X T LS
Qy =—COS——isin—; O3 —smg—acosg.
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I'aaea 4. Cmenenu u xopnu

Bce ToukH o; JekaT Ha OKpY)KHOCTH paamyca 1 ¢
IEHTPOM B Hayajie KOOpPAUHAT. APryMeHTHl COCEAHUX TO-

n
YeK OTJANYAIOTCA APYr OT Apyra Ha 3 CaepoBaTenbHO,

9TH TOYKMN HABJAIOTCA BepHIMHaAMH IIPABHJIBHOI'O 4YeThI-
PEXVIOJIBHHKA, TO €CTh KBaaparTa.

74

1] -

s

T
/ 0 1l =
N

L

INpumep 12. Pemure ypaHenue 2° +1=0.

Pewenue. Hailinem sHaveEns Y-1. Tax Kak
. 3 t+2nk ., . n+2nk
~l=cosn+isinn, TO V-1 =cos—-—-—é———+:sm—, rae

k=0,1,2. YpaBHeHHe HMeeT TPHU KOPHJI:

T .. ®n 1 Jg
2y =COS—+iSin—=—+i—;
3 3 2 2

2, =cosn+isinn=-1;

511:1,«/5

bn . .
2, =CoOS—+isin—=—-i—,
3 3 2 2

Bce Toukm 2z, sekaT Ha OKDYXXHoCTHM paguyca 1 c
HEHTPOM B HaYajle KOOPAUHAT. ADPryMeHThI COCETHUX TO-
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§ 2. Hasnevenue xopneil u3 KOMNAEKCHOZO YUCAA

2
YeK OTJIMYAIOTCA APYr OT Apyra Ha —3-— CnenoBaTenbHO,

3TH TOYKH HABJAIOTCA BepPIIUHAMM IIPABUJLHOIO Tpe-
YrOJbHHUKA.

7
I
e

(] |

Bzs
acses

3ameuanue. YpaBHeEMe 2z°+1=0 MOKHO peINUTB,
Pa3noKUB Ha MHOMKHTEIH JEBYIO YaCTh:

(z+1)(22—z+1)=0.

IlepBBIfi MHOKHUTENb AAET NepBblili KOPEHb — YHUCJIO
-1.
W3 BTOPOro MHOMKHTEJNS HAXOAAM:

J3 1 3,

2 =—1-+-——i UNU Z2=———-I.
2 2 2 2
Takum oOpasoMm, ypasHeHume 2°+1=0 wumeer Tpm
KODHA:

2 :l_{.iﬁ; A =-1; Zq =l_i£_
2 2

OTM KODHH COBIAJAIOT C KOPHAMH, HOJYYEHHBIMH
IEepPBLIM CIIOCOO0M.
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I'naea 4. Cmenenu u xopnu

Npnmep 13. Pemure ypasuenue (z+1)" =2", neN.
Pewenue. Tak kax 2=0 He ABAAETCA KOPHEM HaHHO-

n
ro YpaBHEHUA, OHO PABHOCHJIBHO YDPABHEHHUIO (1+-—] =1,
2

OTKYVAA 1+—1-=2/I=cosgk£+isin£k£, roae k=1,23,...n-1
2 n n

(mpun k=0 ypaBHeHHe 1+1=1 He uMeeT pemenus). Ta-
z

KuM ofpasomMm

2nk . . 2nk
1 cos——-1-isin—-—
cos—zf—lﬂsin—::—k- [003_2}_’2_1] +sin2 2™
n n
. . 2nk . 2kn
cos———-1—-isin— 1 sin —-
= n R___|_1-i- ’;k =
2(1-cosgfﬁJ 2 l—cos——’rE
n n
. kn kn
2sin—cos— 1 b
== 1+i- L % n =——[1+ictg—]-
2sin? -~ 2 n
n

YpaBrenua 2,=2, u ¥z =,f , Boobme roBopsa, He
paBHOCHJIbHBI. BTOpOoe paBeHCTBO I'OBODHT, YTO MJIA KaX-
AOTO 3HAYEeHMdA %z, Haiifercss paBHoOe eMy 3HA4eHHe ff2,

1 HaobGopor.
IIpumep 14. Peinture ypaBHEeHUE

P2 +22 422 42+41=0.
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§ 3. Hoxasamenvras Gopma KOMNREKCHOZO YUCAQ

Pewernue. Taxk xak 2=1 He aBiIAeTCH KOPHEM AaHHO-
N0 ypaBHennsi, o0e ero yacTm YMHOXHM Ha 2-1.

Hneenm (z—l)(z“+z4+zs+zz+z+1)=0 uma 2%-1=0.

KopHsMH 9TOro ypasHeHM:S HBJIAIOTCA 3HaueRHs Y1, To
ecThb

( A (

2, =COS 0+—2—1—t- +isin 0+E-£ =l+£i;
\ y . 6, 2 2
{ 3

2; =CO0S 0+§_1£ +isin 0+ﬂ]=—l+£i;
/ ) )

23 =CO8 0+ﬁ +isin 0+E ==1;
\ 6 \ 6 )
( A 4 A

24 =COS 0+§-1—t +isin 0+_8_n =-—l—£i;
\ 6 \ 6, 2 2
,

25 = COS O+& +isin 0+1.i =l-£i.
\ 6 6 2 2

KopuAMH JaHHOrO ypaBHEHUS SABIAAOTCA YUCJIA
21235 %39 %4y %5

§ 3. Ilokasarensnana gopma
KOMILJICKCHOrO IHCJIa

Bnepnble NNOHATHEe CTeNCHH C KOMIIVICKCHBIM IIOKa3&-

teJeM BBeaeHo Jleomapaom J#nepoM, KOTOpHIH IOKa3as,
470 J1i000e KOMIJIEKCHOe YMCJIO BUMa Z2=co8Q+isinp=0

MoxeT GRITH npeacrasieno B Buge z2=¢'¥. To ecTh

cosp+i-sinp=e",
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T'araca 4. Cmenenu u xopru

N3 3Toro paBeHCTBA CJeAYeT, UTO

r(coscp+i-sin(p)=r-ei"’. (**%)

Bamuch z=r-e'® Ha3LIBAETCA NOKA3AMeNbHOIL gopmoil
KOMIINTEKCHOrO YucJa.

IIpumep 15. 3anuninre B noxasareibHO# (popMe qHC-
Jo z=-1+1i.

Pewenue. Haxogum MoAy/ab ¥ apryMeHT 9HCJIA:

r=|z|= ,’(—1)2 +12 =42,

=argz=rn+arclg 1 —rr-—E--E
v 1 4 4

IloxyuaeM IIOKa3aTENBbHYI0 (OpPMYy [TaHHOTO KOM-
g_a‘._i
4
IJIEKCHOrO TmMeaa; 2=+2¢ " .

an
=2
4

OTrBerT: z=\/§e

IIpumep 16. IlpeacraBere B anrebpamueckod dopme
n

=i
qucao z2=e?
Pewernue. Ilo popmyne (**) nonyuaem:

xT .. & .
z=cos—é-+1sm—§=0+1z=z.

OrBerT: 2=I.

Ilpumep 17. 3amminure B ajarebpamyeckoit dopme
K
=i
gucnao z=2e% .
Pewenue. Ilo dopmyse (**) monyuaem:

z=2(cos£+isin£)=2 [§—+—1—i =+/3 +i.
6 {] 2

OTBeT:z=J§+L
02



§ 3. Illoxasamenvran Popma KOMNAEKCHOZO CUCAG

Apujpmermyeckue JAeHCTBUA CO CTENEHAMH C KOM-
NNEKCHBIMH IIOKA3ATeNsIMHY BRIIIOJHAITCA TAK e, KaK U
CO CTEIIEHAMU C JeMCTBUTENLHBIMH II0KA3ATENSTIMH.

1) z -2, =(r1 e )(r2 . ¢'%2 )=

=r,(cosg, +i-sin@, )-ry(cose, +i-sing, )=

=R (003((131 +@y)+i-sin(@, +(p2))_—. rer e nre)i,
2) 2,:2, =(,-1 e ):(,.2 ,.enpz)=

=r,(cos@, +i-sing, ): 1, (cos@, +i-sing, )=

=2 (cos (@, ~pz)+1-sin(g; ~@y)) =L-e%
ry 2

3) 2" =(r-e"")n =(r~(c08(p+i-sin(p))" =

=r"-(cosng+i-sinng)=r"-e"";
1 cosO+i-sin0
e® cosQ+i-sing

4) =cos(—¢)+i-sin(-p)=e™.

IIpumep 18. Haiiaute nponsBefeHue KOMIJIEKCHBIX
" "

qHuCes 2; = 23El 1 - =e§' . Pesyabrar npeacraBbTe B aj-
rebpanueckoii ¢opme.
Pewenue. Tlo dopmyne 2, -z, =1, -ry - €% nogyuaem:
—’£+—IE i 2_“5
2, -2, ==2-1-e'(‘3 2] =2e3 .
ITo dopmyne (**) nonyqaem:
2n.
2e 3 =2(003-2-515+isinz—;)=2(—%+i€)=—l+i\f§.

2%,
OTrBerT: 2,2, =2e3 =-1++/3i.
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I'naea 4. Cmenenu u xopnu

IIpumep 19. HalisuTe yacTHOE KOMIIJIEKCHBIX YHCEJI
Tl i .
2 =2¢% n z, =e% . PesynbraT mpeacraBbre B aareGpau-
JecKoil opmMme.

2z, T o)
Pewenue. Tlo gopmyne 2 =-L.e® %) ponvyaen:
2 N

nn 4
2, 2 (—“‘]‘ -2
A =".e% 2 =2¢ 3,
29

Ilo popmyne (**) monyuaem:
4
2e 3i=2[cos(—%)+isin(—§))=2 l— £ =1-3i.

OTrBerT: i—Ze_? =1~ J§L.
Z9

Hcrnonp3ya ImOKasaTeJbHEYI) (OpMY KOMILIEKCHOTO
quciia, MOXKHO ONPelesIATh IOKA3ATEAbHYI0 (PYHKIHIO
KOMIIJIEKCHOIO &PIryMeHTa.

Onpeagenenune. llokasarenvHOM QYVHKIOUEH KOM-
IIIEKCHOr0 ApPryMeHTa HAa3hIBaeTca (yHKOMA, KoTOpas
KaXAOMY KOMIINIEKCHOMY YMCAY 2, KPOMe HYJs, CTABUT B
cooTBeTcTBHe € f(2)=é€°.

ycte z=x+yi. Torpa

x+yi

e =™V = .e¥ =¢"(cosy +isiny).

Hpumep 20. Haiimure ¢°, ecan z=2—§i.

2-Z4
Pewenue. ¢ 2 =é° (cos(——g—]Hsin[-—gD:-iez.

OrBer: —ie?.
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§ 3. Hoxasamenvras opma xomnnexcrozo Lucaa

Hcmoandys NOKA3aTeNbHYI0O (DOPMY KOMILIEKCHOIO
YMCJIA, MOKHO TaKiKe BLIPA3HTE TPHTOHOMETPMYECKHE
DYHKIIMN Yepe3 CTEleHH ¢ MHHMEIM IIOKa3aTejeM:

cos@+i-sing=e"

cos(—@)+i-sin(-¢)=cosp-i-sinp=e"*.
e® +e™? . e —e®
CnepnosaresbHO, COSQ=—— ® SiNQ=—x,.
2 2i
9T (PopMyJIbl Ha3BIBAIOTCA (PpopMysaMu Jitrepa.

IIpumep 21. Bruruucianre npHGINKEHHO C TOYHOCTHIO
o corhix cos(5i).
ei(si) + e-—i(5i) e’ +e®

Pewenue. cos(5i)= 5 == ~74,21.

OrBer: cos(5i)~74,21.

3damMeuanue. Kak ciaegyer u3 mnpumepa, 3Hade-
HHE€ KOCHHYCAa KOMILJIEKCHOrO apryMeHTa MO)KeT ObITh -
6onpmie 1.

MoHO oOnpefejnThb JorapupMuUIecKylo QYHKIHIO
KOMILJIEKCHOI'O apryMeHTa, a TaKkXKe H Apyrue H3BeCTHHIE
BaM (yHaxnun. Bece aTu M MHOrue Apyrue QPyHKIUM HU3Y-
YaloTcsad B pasfielie MaTeMaTHKH, KOTOPBIHl Ha3bIBaeTCH
TeopHe# (PYHKONN KOMIJIEKCHOrO IepeMeHHOro.

3azauM AAA CAMOCTOATENALHOr0 PelleHnA

1. Briuucaure:
a) i31;

6) i53;

B) 1184,

r) 1158,

x) i3+ 428 438 4 18 458,
e) 1+i+i% +i%+.,,+i%%;
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T'naea 4. Cmenenu u xopuu

2. Brruucjaure:

N (1”)1000. o 24431 a.
(1-1:)998 ? 1___'!-'3 ’
(]_-1',9 33 . 6
6) \1”7] ; e) (1+i) -(l-iﬁ) ;
(1-2 )" 81413 )
B) \1+i17] ; x) (1+i) ( 1 J ;
| f1+iJ§J‘2 | (1-48)"(1+B)
; 3 .
U= (-1+1)°

3. 3anmmuTe B anrebpamdyecKoii (popme YHUCAO:
11
a) (1+i\/§) ;
6) (2+2i) .
4. Hamgure:

a) V1+i;
6) V3 +i.

5. Bripasure:
a) cosdx yepes CoSx;

6) sin5x ugepes sinx u cosx;
B) sin3x depe3 sinx;
r) cos3x 4epes COSX.

6. Haiaure 3HaYeHUs 3. Haobpasure mnoay4eHHBIE
KOPHHM HA KOMILIEKCHOM IJIOCKOCTH.
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§ 3. lloxasameavnan opma KomMnaeKcHOZ0 SUCAA

7. Penmmre ypaBHeHwMe:
a) z'-1=0;
6) z2°-2z+1=0.

8. Haiigurte \/éﬁ +2iJ§ .

9. Pemmure ypasuenue (2-z)" =2z", neN

10. Perure ypaBHenne 322° +162% +82° +42% + 22+1=0.

11. IIpeacrasbTe B anrebpamideckoi ¢opMe KOMILIEKCHBIE

qucsia;
m,
X -—i
a) e™; r) de 6 ;
; 2=,
6) e2; n) V3e? ;
.
L3 .
B) 2e4 ; e) e ™.

12. IlpeacraBbTe B NMOKa3aTelbHOH (opMe KOMILICKCHEIE

YHUCA:
a) 1-i; r) V3 +i;
6) —-1+\/§i; ) —cosE—isinE;
4 4
T ) T
-10-10i; cos| —— |-isin| —— |.
") ‘ ® ( 6} [ 6]
13. Haiiaure npousBejenue Yuces:
a) e u 2e 4 ;
n, 2n.

6) e 2 mz= 3ed |

14. Ha¥izuTe yacTHOE YHCEN:
T
. -Zi
a) e ™ u 2e 4 ;
X, 2n .

G)Jge?ne 3,
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I'naea 4. Cmenenu u xopnu

15. Haiigure 2", ecamu:

L]

a) z=2¢ ¢ , n=3;

6) 2=v3e 3, n=2.

Koarpoarnasa pabora

Bapuanm 1

1. Haiignre cymmy 1+i+i +i% +...+it%%8,

.\1000

2. Brniuuciaure (—liﬁ.
(1+1)

6

3. Bmigucaure (l—z\/ﬁJ .
1+i

9
3anumunuTre B aaredpandeckoil gopMe YHCJIO (\/5 —i) .

Bripasure cos4x 4gepes sinx.
Haitanre §/1+i.

Peuinte ypasrenue 2* -16=0.

NS e

Bapuanm 2

1. Haitanre cymmy 1+i+i% +i% +...+i2%°,

(1+ i)2000
(1 _ i)1998 *
1+iV3 )60

1-i

2. Bruucaure

3. Brmuuciaure (

11
4. 3anumurte B aaredbpanvyeckoil GgopMe UHUCTO (s/g +i) .
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§ 3. IToxasamenvras opma KOMRACKCROZO RUCAA

5. Bripasure sin6x uepes sinx u cosx.
6. HaﬁHHTe 3V1_ .o

7. Pemure ypaBHenmue z° +8=0.



I'rasa 5. IPUMEHEHHE
KOMILJIEKCHBIX YHCEJ B TEOMETPUH

Anrebpa KOMIIJIEKCHRIX YHCeJ MpeAcTaBjAer coboil
OAMH U3 3(pPeKTUBHEHININX METOAOB peIlIeHusd ILIaHU-
MeTpHYecKkuXx 3azad. OH 103BOJAET pellaTh IJIAHUMeT-
pUdMecKHe 3aJavyu BBIYUCAEHHSIMHU II0 TOTOBBIM (POpMY-
adam. PaccMOTpHM HeKOTODHIE M3 HUX.

IIpexkae Bcero, OTMETHM, 4YTO KaXXA0OH Touke M
IJIOCKOCTH COOTBETCTBYET EIMHCTBEHHOE€ KOMILJIEKCHOe
YHCJI0 2=x+iy u oOparHo. ByzeM HaselBaTb 2 KOM-
IINEeKCHON KoopauHaTOo# ToukKn M. BcecnoMHHM TakiKe,
YTO YMUCJIO, CONPIKEHHOe YUCHY 2 =X+ Yyi, 3anuCbIBAeTCH
B BUJe 2 =Xx—Yi.

1. Paccroaaue Mexay AByMA TOYKAMH.

Ilycre aansr Ase Touxu A(z ) u B(2,). Toraa paam-

yC-BEKTOD OA wumeer KOODAUHATY 2,, DaAUuYC-BEKTOD

OB — koopauHaTy 2,. HMcmonb3ys paBeHCTBA |z|2=z-'z"

H 22 ‘_21 =22 "'21, MOJIYIIM.
42 + —2
AB? =|AB| =‘OB—OA‘ =|22-21|2=(22—zl)-(zz—-zl)=

=(2, ‘31)'(-3—2-_;;)-

HUrak, paccrogHue MexAy AByMs Toukamu Az ) H

B(z,) MoxHO BEIMHCIATL IO (hopMyJe:
AB® =(z, “31)'(;";“;1-)-

2. YpaBHeHHEe OKPYKHOCTH.
YpaBHeHHe OKDPYKHOCTH paauyca R ¢ IleHTpoM B

Touke K (zo) HOAYyYaeM H3 YCJIOBHA, YTO PACCTOAHHE OT
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I'naea 5. Hpu.ueueuue KOMRACKCHBX HUcCen 8 zeomempuu

moboit Toukn M(z) oxpysxuoctu xo Touku K(z,) pasHo
R, 7o ecTn (z—zo)-(—z-—-z-;)=R2.

3. lenenne oTpesxka B JaHHOM OTHOIIEHMH.

IIycte Touxka C npuHagde:xXuT npaMon AB u
AC=\-CB (LeR, A#-1). B arom cryuae roBOpAT, 4YTO

Touka C pAeanT orpe3ok AB B orHomeHumu A. O6osHa-
YUM KOMILJIEKCHBbIe KOOpAWHATHI To4eK A, B m C coor-

BETCTBEHHO 2;, 2, M 23. Torpa BeKTODHOMY PaBeHCTBY
COOTBETCTBYET DPABEHCTBO 23 —2; =k(22 —2;), OTKyAa IoO-
2, +A2,

1+A
IIpu A=1 rTouka C aABAfETCA CepeAHHON OTpe3Ka

ayqaeM: 2z =

1
AB u z, =-:§(zl +2y).

O6o3naunB —-1-—-=0. A =f, noayuum

H —
1+A 1+A
23 =02 +P2,,
rae aclR, feR, a+pf=1.
9T0 — JAOCTATOYHOE YCAOBHE NPHHARJIEKHOCTH TOYEK
A(z), B(z,) u C(z3) opuoii npsamoit.
4. CranapHOEe NMpoMU3BeNeHHe BEKTOPOB.
BrIpasUM CKaJIApHOE NPOM3BEAEHMe BeKTOpoB OA m

OB Yepe3 KOMILUIEKCHBbIe KOODAWHATH 2, U 2, TOYeK A
u B, Ina aroro BEIpasSMM CyMMY 2; -};+z-zz yepes
X1 Yy X2, Yo -

% 'z_z“"z_l'zz =(x1 +iyy )(x “iyz)"'(xl —iy; )(xy +iyy )=

=2(x, %, +Y, -y;)=20A-OB.
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Tnaea 5. ITpumenenue KOMRAEKCHBIX YUCENR 6 zZeOoMemPUL

Orciona moayyaem:
—_— — 1 —_—
OA-OB=§(z1-z2+zl.z2). (*)

Hanee nonyuuMm ¢GbopMyJy CKaJIRPHOTO NMPOU3BEACHUSA
ABYX BEKTOPOB, Havajla KOTOPMX — TOYKH A wu C,

KOHIBI — TOUYKH B u ) KOMIOJEeKCHOM IJIOCKOCTH.
Ilycre pasm dermipe Touxkm Az ), B(2,), C(23),

D(z,), roraa

AB-CD=(0OB-04)-(0D-0C)=

=0OB-O0D-0B-OC-0A-OD+0A-OC.
Ucnoawsya dopmyny (*), MOJAYIHM:

—_— —— 1 _ — _ —
T21°2,%t21°23+ 2 33)

Urak,

— 1

AB-CD:E((::1 —zz)-(;;—;Z)+(;;—-z;)-(za —24)).

Kak mnsBecTHO, HeOOGXOAMMEIM H AOCTATOYHEIM YCJIO-
BHEM NEPNeHAWKYJAPHOCTH ABYX HEHYJEeBHIX BeKTOpPOB
SABJAAETCS PABEHCTBO HYJ/JI HX CKAaJApPHOTO IIPOM3Beje-
HHUA.

TaxkuMm obpasom, AB.1 CD Torga ¥ TOJBKO TOrxa, Ko-
raa

(2 ‘32)'(33 ‘24)*”(;'22)'(33 ~24)=0,

TAe 2y, 25, 23, 2, — KOMIJIEKCHBbIe KOODAHHATHI TOYEK
A, B, C, D coOTBETCTBEHHO.
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Inaeéa 5. lTpumenenue KOMRAEKCHMX LUCER 6 zeoMemPUL

IIOCJIEI[HGG PaBEHCTBO MOXKHO 3aNHUCaTh B BHAEC

A" _ A% (*%)
YauTeiBag, 4TO AASA JIOOBIX ABYX KOMILIEKCHBIX YH-
cen BBIMTOJIHAKTCH pPaBeHCTBa 2, —2,=2, -2, H

z,:2,=2,: 2, AejaeM BHIBOA:

paBeHCTBO (**) mmeer BuA: 2=-2. Bcanm z=x+yi, TO

-z=~(x-yi)=-x+yi. Ilosromy U3 paBeHCTBa Z=-2 CJe-
Ayer x+yi=-x+yi. Ho x=-x Ttoasko mpu x=0, TO
ecTb 2= Yi.

JT0 O03Ha4aeT, 4TO npsamble (oTpeskn) AB m CD
NepneHAHKYJAAPHEl TOrAa M TOJBKO TOrAa, KOTAAa YHCJIO

2, -2
1 "2 gpjasgeTcs YMCTO MHHMEIM.
23 — 24

5. Konnuneapuocts BexkTropos. [lapaanexsnocTs upsa-
MBIX.

IIycrh Ha HJIOCKOCTH AAHBI JABE OTJHMYHEIE OT HAYAJA
koopanHaTr O ToukH A(z) m B(z,). Bekropsr OA mu

OB xoanuHeapHbI TOrAa M TOJBKO TOrjaa, Koraa
2

argz —argz, =arg—L =0 (BeKTOpH COHANPABJEHbI) HJIH
)

A

2

argz —argz, =arg— =7 (BEKTOPH NPOTHMBONOJIOKHO Ha-

OpaBJIeHBbI).
Ho unciaa ¢ TakMMH apryMeHTaMH AeHCTBUTEJBbHLIE,

2 % —
SHAYUT, — =— WA 2,2y =2, ' 2,.
29 29
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Tnaea 5. ITpumenenue XOMRACKCHBLX CUCER 8 zeOMEMPUL

BexTtopmi BA u DC xojanumHeapHsl TOrga M TOJBKO
TOrAA, KOTAA TOYKHM ¢ KOMILJIEKCHBIMH KOODPAMHATAMH
2, —2y H 23—2, JeXaT Ha OJHOM NPAMOHN C HAYAJIOM KO-

OpAHHAT, TO €CTh

Apyramu ciaoamu, orpesku AB m CD napaJjneiabHBI

zZ -z .
TOTAA M TOJALKO TOrAA, KOTAA ——2 ynciao aeiicTBH-

23 — 24
TeJIbHOe.

6. IlpuHagIeKHOCTH TPEX TOYEK OJHOH NMPAMOIi.
Tpu rouxkm A(z ), B(z;) m C(z3) npumagiemxar on-

HOM OpAMOH, ecam BeKTopel AB n AC KoJJIHHeapHDI,
T0 ecTh (2, —2,) (7, -23)=(3, -2,)-(2, — 23 ). Cymecryer u
Apyroe Heo0xoammMoe M JOCTATOYHOE YCJOBUE NPHHAJL-

JIXKHOCTH TPeX TOYeK OXHONH NPAMON: ypaBHEHHME HPH-
MO, mpoxoasieit depes rouku A(z,) m B(z,), umeer

BUR (2,-2,)(2,-2)=(%,-%,) (2, -2) wm
2 (2, -2)+2,(Z-2,)+2(3,-2,)=0 (%)
7. YpaBHeHHe KacaTeldbHOH K OKPYAHOCTH.
Ilycre mana Touxa P(z,). Halifem ypaBHeHme mnps-
MOI, NpPOXOAsINel duepes3 3Ty TOUYKY NEPIEeHZMKYIAPHO
sexTopy OP. Vemosue MP L OP, rme M (2) — npeus-

BOJILHAA TOYKA BTOM TNpAMOM, JaeT YypaBHeHHe
20(20~2)+%y(2p-2)=0, a 8HaumT, u ypaBHeHue
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I'naea 5. Ilpumenenue KOMRAEKCHBLX YUCENR 6 2eOMEMPUL

9T0 ypaBHeHHe MOXKHO pacCMATPHBATE KaK ypaBHe-
HWe KacaTeJLHOM K OKPY)KHOCTH paaumyca 2Z=|z,[° B
Touxe P(z,).

IIna eqMHNIHOM OKPYKHOCTH 3TO YPaBHEHHE HPHHM-
MaeT BHJ 2,2 +2,2=2,

Ecim toukn A(z ) m B(z,) npuHamnexaT efMHWY-

HOM OKPYXHOCTH, TO €CTb

— I | - - 1
2121 =12/ =— N 2,2, =12, =—,
4y %2

ypasHerHe (***) MpUAHMAET BHR 2+2,2,2 =2, +2,. OTO

ypaBHEHHE eCTh YpAaBHEHHe IPAMOi, comeprKamieil xopay
AB efMHHYHOM OKPY>XHOCTH.

IIpumep 1. Joxakurte, UTO YeThIPeXyroJsHux ABCD
ABJAECTCA apaJlIeJIoOrpPaMMOM TOTZAa M TOJbKO TOrAa, KO-
rfja KOMILJIEKCHble KOOpAHWHATHI a, b, ¢,d ero BepHINH

YAOBJIETBOPSAIOT YCJAOBHIO a+c=b+d.

Pewenue. Ilyets ABCD — mnapamnenorpamMm, Torja
KOMILIEKCHAA KOOpPAMHATA cepeAnHB oTpeska AC paBHa
1 1
E(a+c), a cepeimHnl BD — E(b+d). B napaxnneno-

rpaMMe AMAroHaIH TOUYKOM mnepeceyeHUs AEAATCA IONO-
JIaM, 3HAYHT

S(a+e)=z(b+d) s arc=brd.

IIycte Temepp B ueTbipexyroabHuxe ABCD

a+c=b+d, Torma }2—(a+c)=%(b+d), SHAYHUT, AUATOHAIH

YeTHIPEXYTIONbHHKA TOYKOM Hepece4YeHMA JeNATCA Nomo-
JaM. YersipexyroanbHuUK ABCD — mnapajjenorpaMm.
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I'naéa 5. lIpumenenue KOMRAEKCHBX YUCER 6 zeoMemPpuy

IIpumep 2. JokakuTe, YTO CyMMa KBaJpaTOB MeAHAaH

3
TPEYTONbHUKA PABHA 1 CYMMB! KBAAPATOB €0 CTOPOH.

Pewenue. IlycTh KOMILIEKCHBIE KOODAWHATHE BepIIMH
TpeyroabHuxa ABC paBHBl a,b,c COOTBETCTBEHHO,

TOrAa KOOPDAMHaTHI TOodek M,, M,, M;, cepefHH CTOPOH

BC, AC, BC COOTBeTCTBEHHO, PAaBHEI %(b+c), -;—(a+c),

%(a+b). CyMMa KBaJpaToOB MeJAHaH TPEYTOJIbHHKA

paBHA

AM?Z+BMZ +CM:E =

=(a—-;-(b+c)][6—-§-(5+'E)]+(b-——;-(a+c)](5—-;: E+E))+

+(c—%(a+b)}[?:’—%(5+5)\ :

Ilocne npeoGpa3oBaHui MOAyYaEM

%(2a&'+2b3+2c2:‘——a5——5b ——a‘E——aE~5c——bE).

Teneps HalifileM CYMMY KBaJpaTOB CTOPOH TpPeyroJib-
HHUKA.

AB? + BC? + AC* =(a-b)(a-b)+(b-c)(b-¢)+
+(a-c)(a-c).
ITocsie npeobpa3oBaHM MOJYUHM
AB® + BC? + AC* =
=208 + 2bb + 2¢¢ — ab —ab - a —at - bc - be.
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T'nasa 5. IIpumenenue KOMRRCKCHUX LUCER 6 2e0MEMPUL

TaxuMm obpasom,
AM} + BM? + CM? =%(A32 +BC? + AC?),

YTO M TpebGOBaJIOCh AOKA3ATh.
INlpumep 3. loxaxkuTe, YTO €CJM B ILIOCKOCTU IapaJ-
gejorpammMa ABCD cymecrByeT Takaa Touxa M, uro

MA%2+MC?=MB?+ MD?, 170 ABCD — NpAMOYTOJb-
HHK.

B(b) C(c)

A(a) D(d)

Pewenue. IlpuMeM B KayecTBe HAUYAJIBHOM TOYKH TOY-

Ky O nmnepeceueHHMA AUArOHAJEH MapajuieyorpaMma
ABCD. Bygem cumTaTrs YHcJaa 4, b, ¢, d KOMIUIEKCHBIMH

KoopAuHaTraMu BepmiuH A, B, C, D mnapaaaenorpaMma,
a KoopauwHaty TOuKH M ob6osraymm OykBoit 2. Torma
c=-a, d=-b, ¥ MO3TOMy paBeHCTBO, JaHHOe B YCJOBHH,

Gyaer  SKBUBAJEHTHO  pABEHCTBY (z-a)(zZ-a)+
+(z+a)(z +@)=(2-b)(Z-b)+(z+b)(z +b). TIpeobpasosas

nocaeqHee PaBeHCTBO, monyunm: ad =bb. Ho ad =0A*%=
2 2
=(—3—AC} , bb = OB? =[%BD) . DTo o3HauaeT, YTO AMAa-

TOHAJH TAapaJlIeJlorpaMMa pABHBI, T.e. OH IIDAMOYTrO-
NHHUK.

INpumep 4. Touku A m B CHUMMETPHUYHEI OTHOCH-
TeJLHO IEHTPa HEKOTOPOH OKpykHocTH. IloKakure, 4TO
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T'naea 5. ITpumenenue XOMRAEKCHBLX LUCER 6 ZeOMemPUL

Mt A1060M Toukm M 3TOH OKPYXKHOCTH 3HAayeHHEe CYM-
Mul MA% + MB? BesmumHA MOCTOSIHHAA.

M(m) A(a)

B(b)

Pewenue. IlpuMeM 3a HAYaJBHYIO TOYKY HEHTP OK-
pyxHocTH. IlycTh KoMOJIeKCHbIe KOOPAMHATHL TOYEK
A, B, M paBHBI a, b, m cooTBeTcTBeHHO. TaK KaK TOYKH

A un B cuMMeTpHuHB OTHOCHTeNbHO O, b=-a. Toraga
MA? + MB® =(m~a)(m-3)+(m-b)(A-b)=
=(m-a)(M-&)+(m+a)(A+a)=2min +2aa.

Ho mim=R? n ad=0A%=C, smaunr MA®+MB?*=

=R%*+C, uron TpeGoBaJIOCh AOKA3ATH.
IIpumep 5. HoxakuTe, YTO eCAH cpefHUe JHHHU (T.e.
OTPEe3KH, COeAUHAIIMNE CEepPeAVHEl NOPOTHBOJIEKAIMMX
CTOPOH) 4YeTHIPeXyroJbHHKAa paBHEI, TO €ro AHArOHAJH
B3aHMHO OepIeHANKYAAPHBI, H 00paTHO.
C(c)

B(b) Ol N D(a)

A(a)
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I'naea 5. IIpumenenue XOMRRIEKCHBIX YUCEN 6 2eOMeMPUU

Pewenue. IlycTs KOMILIEKCHEIE KOOPAUHATH! BepIIUH
A, B, C, D qernipexyronbEuka ABCD paBeH a,b, c,d

cooTBeTcTBeHHO. CepelHa CTOPOHEI AB HMeeT KOOPAH-
a+b b+c
HATY 5 cepeauHa CTOpPoHBl BC xXoopauUHATY 5

c+d
cepegnHa CTOpPOHBI CD KoopAMHATY —2— H cepeANHA

a+d

cTOpoHnt AD KOOpRHUHATY . Tak Kaxk cpegHHMe JaH-

HHHN 4YeTBhIPEXYTrOJBHHKA DAaBHBI, HMEeEM PABEHCTBO

a+b_c+d) a+b T+d ___[b+c_a+d) b+t a+d
2 2 )L 2 2 2 2 2 2 )

OTKyZa

(a+b)-(c+a))(@+B)-(c+d))=
=((b+c)—(a+d))((5+3)—(&+ff)).
Iocne npeo6pasoBanmit mOIYIUM
(a-e)~(a-))((@-2)-(3-5))-
=((b-a)-(d-c))((t -a)-(d-7)),
(a+c)(b+d)+(a+c)(b+d)=0,

a+c  a+c

b+d b+d.

To ectt oTpe3skn AC u BD nepneHZHKYJAADEL.
TIpoBozA 3TH pacCcyXKIeHHA B o0paTHOM HOp#AAKe, IIO-
Jy4HM BTOpPOe YyTBEpP)KIeHHMe NJAHHOH 3amadm.
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I'naea 5. [Ipumenenue KOMRAEKCRHX YUCER 6 ZEOMEMPUL

8. Yroa Mexay BeKTOpaMH.
Ilycts AaHbl 4ethipe Toukm A(a), B(b), C(c), D(d).

Haitnem cHHYC M KOCHHYC yrJa (E,@), Ha KOTCPbIHA

HaJNO0 MNOBEPHYTH BeKTOp AB, 4robul moJy4ynrb BEKTOD,

coHanpasJeHHBIA ¢ BeKTopom CD. PaccMorpnM BEeKTOPBI

OP=AB u 0§=CD. Torza (ﬁ,@]:( 'o?»‘,o_Q‘).
\

A B

Tax xak Of’=03—0A: KOoOpAHHATa TOUYKH P ecTh
b-a. ARaNOruyHO HANAEM KOOPAHMHATY TOYKH &), OHa
paBHaA d--cC.

k—{A-'_B.’E-B) 2(6?,6—6) =
=arg(d-c)-arg(b-a)=arg—.

HanmoMHMM, 4YTO apryMeHT KOMILIEKCHOI'0 4YHCJa 3a-
BHCHT OT HampasJieHus nosopora. IIpu moBopoTe mpoTHUB
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I'aaea 5. ITpumenenue KOMRAEKCHWUX YUCER 6 ZEOMEMPUL

YacOBOH CTPeJKH APryMeHT IIOJIOJKHTeNLHBIA, B oOpar-
HOM HANIpPaBJIEHUH — OTPHIIATEJbHBIN, T.€.

(AB,CD)=-(CD,AB).
IlouNeHHO CKJIAZLIBAS W BBIYATAd PaBEHCTBA
z=r(cosp+ising) u Z=r(cosp-ising), moayunm

sin _2-2 CcOS _zt2
MR Gl A
d- _d—E
Tpu z=27¢ sm(AB CDJ b-a _b-a_
-a .d—c
2i
b-a

_ (d—c)(b_-—&)—(g—b")(b-—a).

2ild—c|-|b-q]

AnanoruyHo Haiiem cos(ﬁ,a—ﬁ)=

(d—c)(5—5)+(3—'6)(b—a)

B 2|d -c|-|b-q] ‘

IIpumep 6. PasHocTs yrnmoB A um B TpeyroabHHKA
ABC pasHa 90°. dokasxurte, 4YTO pPACCTOSHHE OT OCHO-
BaHHMA BHICOTHI, ITPOBEACHHON K npamoin AB, 1o cepeau-
HBLI 3TOM CTOPOHB! PABHO PagMyCy ONHCAHHON OKOJIO Tpe-
YroJbHNKA OKPYXKHOCTH,

n
Pewienue. PaBeHCTBO A—B=-§ PaBHOCHJILHO pPaBeH-
(c-a)(e=b) =
CTBY arg =—., Ecau TpeyrolnHHK BIINCAH B
(b-a)(a-b)
OKPYKHOCTB 2-2 =1, mpezpiayiiee paBeHCTBO CBOOHTCH ¥
2

paBeHCTBY ab=-c¢“. Ecau H - oCHOBaHHEe BBICOTBHI, &
K — cepenmua AB, To c-h-k u HK?=c.T=1.
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I'naea 5. I1 PUMEHENUE KOMNAECKCHHX LUCEN 6 2eoMmempPulU

9. IInomaas TPEyroJAbHHKa H YeTHIPEXyTOAbHHKA.,
IInomane S Tpeyroaniinka ABC paBHAa:

s=%AB-Ac-sin[E,ZE}%((c—a)(B‘—5)—(3’-“)(5—5))

S=+(a(6-7)+b(c-a)+e(a-5)).

Ilnomagp yersipexyroasEnka ABCD pasHa

S=%AC-BD-sin(R,B_ﬁ)=
1

=Z((d—b)(€—ﬁ)-—(c—a)(c?-—l;)).

IIpumep 7. HoKakuTe, YTO AJA BCAKOrO BBINYKJIOrO
YyeThIpeXyroJdbHuka ABCD BRIMOJHAETCS paBeHCTBO

AC?BD? = AB?CD? + BC2AD? -
-2AB-BC-CD.DA-cos(Z+E).

Peuwienue.

A Cc

A

IIpriMeM BepmImHY A 3a HAYAJBHYIO TOYKY, a KOOD-
AnHATEL TOoueKk B,C,D 38a b,c,d CcOOTBeTCTBEHHO.

Torna A= argd—argb =arg%, C =arg(b-c)-arg(d—c)=

b-c d(b—c)
=arg .
d-c b d-c b(d—c)




Tnasa 5. [Ipumenente KOMRACKCHBIX YUCER 6 ZEOMEMPUL

Tax Kax coscp=z+—z, cos(z+6)=
2r

IHocie mnpeo6pasoBaHWii, y4YHTBIBasg, 4T0 b-b= ABz,

(d- c)(a —E) =CD?, monyuum:

db(b-c)(d-¢)+db(b - )(d—c)
2AB-BC-CD-DA ‘

COS(Z +6) =

IIpaBass 4yacTh paBeHCTBa, KOTOpPOe€ HAJ0 AOKA3ATb,
paBHA

bb(d-c)(d -<)+dd(b-c)(b-T)-
-db(b-c)(d-¢)-db(b-T)(d-c)=
=cc(d-b)(d-b)=AC* BD?,
yT0 M TpeboBaylochk JOKA3ATh.
Cne,qc'rnnem K3 IMNONYYEeHHOI'0 PaBeHCTBA ABJIAETCH
TeopeMa IIToslemMesa: BO BOMCAHHOM B OKPY)XHOCTh YeThbI-

PEXYrOJIbLHHKE ITPOM3BeJeHUe AUAroHaJeil paBHO CyMMe
MPOHU3BEACHHUIH IIPOTHBOMOJIOMHBIX CTOPOH.

Bo BnmucaHHOM vueThIpexyrolbHUKe A+C=180° m

JAOKA3aHHOE pAaBEHCTBO NpuHMMaeT BujA AC’BD®=
= AB*CD? + BC2AD? +2AB-BC-CD- DA, otxyaa

(AC-BD)"* =(AB-CD+BC-AD)’
AC-BD=AB-CD+BC-AD.,

Teopema aoKasaHa.
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I'nasa 5. llpumenenue KOMNACKCHBLX LUCER 6 2e0MeMPUL

3axauu gaA CaMOCTOATEABHOIO pellleHHA

Hanm aBa mapasnenorpamma ABCD n A,B/,C,D,. Io-
Ka)KHuTe, YTO CepeauHbl OoTpeskoB AA,, BB,, CC,, DD,
SIBJIAIOTCH BepIIHHAMHM HapaJurejiorpaMma.

HoKaxure, 4T0 CyMMa KBagpaTOB AHATOHAJIEH YeTHI-
PeXyroabHMKa paBHa YABOEHHOH CyMMe KBaJpaTOB
ero CpeABNX JHUHHNI,

Hoxkaxknure, 4TO paccTOAHHE OT BeplnHHbI C TPeyroJb-
HUKa ABC no Toukm D, CHMMETPHYHOM NEHTPY OINH-
CAHHOH OKPY’XKHOCTH OTHOCHTEJIbHO NpAMOM AB, BhI-

yncaserca mo dopmyre CD?=R?+ AC®+BC?-AB?,
rage B — paguyc ONHCAHHOHA OKPYIKHOCTH.

Jloxasars, 4TO cymMmMa KBajgpaToB AmaroHane# AC, BD
yeThIpexyrojdbEHnKa ABCD paBHa YABOEHHOM CyMMe
KBaZzpaToB OTpe3koB MN, PQ, coeAHHAKUIHX cepe-
JAHUHBI [IPOTHBONOJIOXHLIX CTOPOH.

JJoKakuTe, 4TO AHATOHAMM YETHIPEXYTOJbHMKA IIep-
MeHANKYJAPHBI TOTAA M TOJBKO TOTAA, KOTAa CyMMa
KBaJpaToB ABYX €ro NPOTHBOIIOJOMKHEIX CTOPOH paBHa
CYMMe KBaJApaTOB ABYX ZAPYrHX OPOTHBONOJIOMHBIX
CTOPOH.

HaiianTe yron Mexay OOKOBHIMH CTOPOHAMU pPaBHO-
OepeHHOTO TPEYroJbHHKA, €CJH MeAUAHBl, IIpPOBe-
NeHHbIe K GOKOBBIM CTOPOHAM, NEePOEHAHKYJISPHDI.

JIoKa)XuTe, UYTO OPTOUEHTP TPEYroJbHHUKA CHYKHT
OEeHTPOM BIIMCAHHOM OKPY)XHOCTH AJIS TPEYTroJbHHKA,
BEepUIMHAMH KOTOPOTO HBJIAIOTCA OCHOBAHHMA BBICOT
AAHHOTQ TPEYTroJbLHHKA.
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OTBETDI

I'nasa 1

3axavun OJaf CaMOCTORTEJIHLHOTO PelIeHu A

6) (-2,5; —4,5);

. a) -1-i;

6) 5+ 3i;

. a) -b+5i;

6) 1-6i;

. a) -5+5i;

6) —5-5i;

. a) 48;

6) -7-24i;

. a) 25;

6) 169;
B) 1,21;
r) 12,25.

. a) -0,76+0,32i;

6) -1,4-1,2i;
B) —-0,2+0,2i;
r) 2+i.

(7 8)
B) | ~=3 = |5
. 5
,
r) l; —l]
4 8
B) —i;
r) -0,2-6i.

B) 6+i;

r) ,8-0,2.
B) 13i;

r) 2,89.

B) 60;
r) 24i.
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Uumeéemu

9, a) —§+2i; r) -2+0,5i;
5 5
6) -2—i; n) —i.
B) z=0;z=-1;z=li£i;
2 2
10.a) +i; B) 3ti;
6) 1+iv3; r) —4+2i.
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Omeemun

KorTpoasnasa pabota

Bapuanm 1

1. 0,8 — 4,8i.
2. 24,

1
9
4, -0,64 + 0,52i.
5. —1+iy3.

6. z2=-2.

4
3. x=—, y=——.
=73

Bapuanm 2

1. 3,2 + 0,5i.
2. —14i.

3. (—2;7].

4. -0,36 + 0,02i.
5. -2 + 4i.
6. 2=0.
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Omeemui

I'nasa 2
1.
7|
1
131 1 ol x|
2.
7\
SR Tx]
3.
Y
1
o[1]'2 £
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Omgeemu

4.
A
01 i
5. a) Ocop Oy; 6) Ochb Ox.
6. a)
1
1
0 X
0)
NN
N
0 X
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Omeéemwi
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8. a) ILnockocrs Oe3 TouxkH (0; 0) U BHYTpeHHeH 4acCTF
Kpyra pazuyca 3 ¢ neHTpoM B Touke (3; 0).

-
V4744 7
4% 7
V4% 4%
7 7
V47474 1 /
Y4444 W 7
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6) ILnockocTn Ges AByXx Kpyros paauyca 1 ¢ meHTpaMu

B Toukax (—1; 0) m (1; 0).
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B) IIlnockocTs 6e3 Kpyra paguyca 2 ¢ HeHTPOM B TOY-

Ke (0; 2).
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I‘) MHOXeCTBO BCeX BHYTPEHHHX TOYEK GosinLIIerO

Kpyra, 6e3 MeHbIIero Kpyra (OKPy»XHOCTH, B TOM YHCJIe
Touka (0; 0), He mpUHaAANEKAT 3TOMY MHOXKECTBY).
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k) MHOKECTBO BCeX TOYEeK Kpyra paguyca 42 ¢
OeHTPOM B TouKe (—4; 4) 0e3 BHYTpPeHHHX TOYEK Kpyra
paauyca 242 ¢ OeHTPOM B TouKe (—2; 2) (OKpPYKHOCTH,
sa muckaioueHHem Toukm (0; 0), npuHagAexaT 3TOMYy
MHOM(ECTBY ).

AYl
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AIAAA7
AN
NN/
47 4
0 Txl

9. durypa — kKpyr c¢ menrpom (0; —1) m pagmycom 1.
IInomane Kpyra paBHa .

10. a)
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Omeemun

I'nmaBa 3
1. a) 9,1; T) \/6_5;
6) 9; n) 13;
B) 3V5; e) /881,
2,
a)
VA
0| 11 Tx
6)
Yy
L/ /
-—Ihx-*
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NN

Ioaynnockoctb 6e3 rpasnnnobl U ToukH (2; 3).

YkaszaHnue. [JanHoe HepaBeHCTBO PaBHOCHJIbHO

|2—2-38i|<|z-2+5i
cucreme .
2#2+3i
3)
%4 /
/
V4
/
/ /
V444
7
/ /
Yxasanue. JlauHOe HepaBeHCTBO pPABHOCHJLHO
|2+ 5| <lz-1|
cucreMe .
z=T
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e
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iy

/

IMonynaockocre 6e3 Touxkm A(7; —1) ¥ rpaguner —

OpAMOH, npoxoasaueil depesd Touxy (2; 0) nmepneHIMKY-
JAPHO K npamoit AB.
4. a) Ykasauue. Ycijosue 3ajaeT MHOXKECTBO TOYEK,
paBHOYAAJIEHHRIX oT Tpex paHHBIX: A(0; 3), B(-3; 0),
C(5; 0). 310 MHOXKECTBO COCTOMT H3 ONHOH TOUKH —
[eHTPa OKPYKHOCTH, OIHMCAHHOM OKOJO TPEeyroJbHUKA
¢ BepIIMHAMHM B YK&3aHHBIX ToukaxX. Mckomas Touka
M(1; —1) saBasieTcd TOYKOI IIepeceUYeHMs CepPeAHHHEIX
nepneHANKYIApoB K orpeskam AB u BC.

OrBer: 1-i.

6) -1,5 + 2,5i.

5.
a)

e
TN
-y

=Y

JIyu 6e3 HaUYaNLHOM TOYKH.
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6)

JIyu 6e3 HAaYAJTbHOMA TOYKH.

B)

yp

=y

IIpamas 6e3 Tourn (0; 0).
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n)

A
BrgBoaat

S
AN

L

A

6 npaMbIX, H300paKeHHBIX HA PUCYHKE, ABe U3 KO-
TOPBIX — OCHM KOOpAuUHaAT 0e3 Hayajla KOODAUHAT.
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Omeemui

7.

IInockocrs Ge3d TOYKM — HavYaJia KOOPDAMHAT M Jy4a
OM.

e) IlnockocTh 6e3 TOYKHM — Havajla KOOPAMHAT,

a) 6(cosz+isinr);

6) v3(cos0+isin0);

(= ™
2 —+isin— :

B) V 0034 131114]

\

r) V2 icos(-—z] + isin(—-}]}

([ 4 4
A) 5] cos rr,—arccos—)+isin(n—arccos— ;
.\ 5 5

([ ( 3 ( 3
e) 5] cos arccos—}+isin arccos—
\ \ \ o

( 21:} . ( 27 )
K) cos{ — [+isin| —— |;
3 _

3) cos[-y]ﬂsin(—gﬁ]'
2 2)

) 2(0%[-E)+imn(—£));
4 4

K) \/1_3(cosq>+ ising),
rae ¢=arctg(-1,5).

a) -3+i\[3_;
6) —2-2i;
B) —3;

r) —2i.
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CepeanHHDBII DepIeHANKYAAP K OTpe3Ky AB.
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BryrperHaa o6jgacTe oKpyKHOCTH Oe3 TOuKH B.
e) Hcxomoe reomerpnyeckKoe MeCTO TOYEK COCTOMT M3

ABYX TOYeK HepecedeHWs] OKPYXKHOCTH U mpamoit y=-1

(cm. puc.).
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10.

11.

a) 2,2y = IOJ_(COS%—-Hsm——J |2,2,| =103,

6n

arg(zlzg)=-77—.

6) 2,2, =6v21(cosn+isinn), |2,2,|=6v21,
arg(zz,)=m

B) 2,2, —GJ—(COS%Hsm———] |212,| =66,
Tin

arg(zlzz)——%—z—

r) 2,2, = 75[003[—%)“3111[ 30]) |2125| =75,

arg(z;z,)= [—%J

IIpumMeyaHne. APryMeHT yKasaH C TOYHOCTBIO A0
2nn, neZ.

a) 58. z=x+yi, rae yeR,
-7<y<-1,

x=:t\/9-(y+4)2
6) z=x+yi, rae yeR,
-6<y<2,

x=3£,16-(y+2)°.
B) 2=x+Yyi, rae yeR,
-2<y <6,

x=8+,16-(y-2)}.
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r) -1 L -(4+J’?)i; (4+J'7)i; —(4—ﬁ)i; (4-J’7)i.
4-V31 -4+V31
——is .

n) -1, -0,6; 0,6; 1; 5

_9+J161i. 9+J161i
8 ~ 8

e)

148



Omeemui

Konrpoasuana paGora

Bapuanm 1

1. 13;
2. a) N
y
.1
of {1 I
0)
,// ’// ,’/" /,: ’
,_f// i ‘A
G2107Y,
P11D7 Y
‘N VYA V'V,
YA V¥ AAI11
4 4 "SP4
~ LA A7 O] It Px—
Z] //2
707!
A/

.

Y.

L]

N

NORORY

N\

IMonynaockocTe 6e3 TOUKH z=-4+3i, rpaEnIa MHONY-

INIOCKOCTH -— CEPeAMHHBIA NEePHneAuKyNAp K OTPE3KY C
KOHINAMH 2, =-4+8i U 2, =2-1i.
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Omeemwn

6) V13cos@+ising, rae ¢=-arctgl,5+m.

5. 3-3i.

7.
1. 15;
2. a)
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a) ~1242- 12\/§i;

6) i.

Bapuanm 2

3.
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. 93 3

.y.
- 1)'.5
lji L /’{.Sfi
\
@ o 11 x
il %t A1
L 3 =
o
<A1
< o

z2=x+yi, roe xeR, -1<x<5, y=-31J9—(x—2)2.
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ITonymnockocrs 6e3 TOUKHM 2

=4-i U 2, =-2+3i.
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2n . . 2n
. cosS—+isgin—.
4. a) 3 3

6) Jﬁcoscpﬂsin(p, rae ¢=arctg0,8.
~2-2i,

6. a) -7T-7/3i; 6) i.

. 2=x+Yi,
rae xeR, -7T<x<3,
y=3+25-(x+2)".

152



Omeaemni

I'nmasa 4
1. a) -i; n) 0;
6) i; e) 1+i;
B) —1 3) 2i;
r) —i; K) i.
2. a) -2i; o) 16;
6) 1; -e) 1024;
B) 1; x) —128i;
r) —64 3) —63.
3. a) 2192193,
6) 219 -219;,
/
4. a) 42| cosX+isi 32':-);
) «/_\ 3 Lsm8
a=(  9n O )
JE cos—+isin— |;
N - 8 )
/ T Y
6) V2! cos— +isin— |;
{
\/ﬁ cos-1-§5+isin—1§-7—[).
\ 12 12

5. a) 8cos!x-8cos®x+1;

3 5

6) 5sinx-cos® x-10cos® x-sin® x +sin® x;
B) 3sinx-4sin®x;

r) 4cos® x—3cosx.
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1.3

6. 1, - —+—i,
2 2

f
K
N

7——-.’

8. 2(cos£+isin£ : 2 cong+isin9—n .
8 8 8 8

9, 1-itgf§, neN, keN, 0<k<nyb? - dac.
n

10. —l; ilii[:?-.
2 4 4

11.a) -1;
6) i;

B) J§+i~/§;
r) 243 -2i;
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V3 3.
ﬂi) "'E"i"é"'!
e) -1.

12, a) \Ee_"‘-‘;
2n.
6) 22 ;
3

B) 10e 4 ;

3n
13.a) 2¢4 ;

L)

6) /3e6 .
3,
14.a) 0,5¢ ¢ ;

7,
6) V3e ;
3,
15.a) 8e 4 ;
2,
6) 3e 3 .
IlpumMmevyarEMne. APryMeHT yKasaH C TOYHOCTBIO KO
2nn, nel.
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S ohe

i
2i,

Konrpoasnana pabora

3. 8i.
4. 512i.

Bapuarnm 1

8sin? x - 8sin? x +1.

4

%2
\
3/

\

)
%2

\

3t , . 3n)
COS-Z—'FIS].II-— 5

170 . . 1711:]
cos——+isin— |,

o, . W)
cos—+isin— |;
12 12

/

’

12

+2; + 21,

1. 0.
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6sin x-cos® x -~ 20sin® x . cos® x + 6sin® x -cos x.
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Bapuanm 2

4. 2193 -219;,

.. AT
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Omesemuvt

8.

OTtBeThl U YKAa3aHMA K PeDIeHHIO 3axa4
K riaase 9

Yxkasaumue. Ilyctes A,, B,,C,, D, cepegunsl oTpes-

koB AA,,BB,, CC,, DD, coorBercTBeHHO. [loKakuTe,

Co — 0y
YTO YUCJI0 —=——= paBHO 1.
a, —d,

Yxasaume. Bocmoamayiiteck ¢opMmysoii paccTos-
HHA MEXAY TOYKaAMH B GOpMYJIOH KOOPAMHATHI cepe-
AHHBI OTPEe3KAa.

Ykasaunue. Ilpumure 3a HavaabHyI0 TOYKy O m
mafiznre CD?, amas, uro d=a+b.
CMm. yKasaHHe K 3amaue 2.

Ykasauue. BocnoassyiiTtech ¢opmMmysioli paccros-
HHA MEXAY TOYKAMH M yCJIOBHEM IepHeHANKYJIAPHO-
CTH OTPE3KOB.

4
arccos—.
5

Yxasanua. llyers A,, B, (; oCHOBaHUA BBLICOT, a

H — Touka ux nepecedyennsa. Heo6xoanmo A0KA3aTh,
YTO TOYKA MepecedeHMs BBICOT TpeyrojbHuxa ABC
€CTh TOYKA IepecedyeHNA OHMCCEKTPHC TPeyroJbHHKA
A,B,C,. Pasencrso yrinos CiA/H u B AH pasHOCH-

h-a, ¢ -a
b-a, h-g

ABHO YCJAOBHIO, UTO YHCJO RelcTBH-

TeNLHOE.
30°, 60° u 90°.
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YBAKAEMBIE ITOKYITATE/TH!

H3oamenvcmeo « IKSAMEH»

npeonazaem eauemMy 6HUMAHUIO
credyrowue yiebuvie u30anun:

1. Komnaexcusble yncaa. 9-11 xnacen / 10.A. I'naskos, U.K. Bap-
wasckuii, M. lanamewm. — (Cepua «/lpednpogpurvnan u npoghuns-
HAR NOO2OMOBKAY)

2. O6paTnbie TpuronomMerpuyeckue pyukiznn. 10-11 knaccni /
I""K. ®anun, A.H. Pannn. — (Cepua «llpednpopunvran u npoguns-
HaR NOO2O0MUBKA»)

3. Apobu u npouenThl. 57 knaccbl / C.C. Munaesa, — (Cepus
«lTpeonpogpunonan u npogunvran no02omosxar»)

TI'omoeamcs k avixody 6 caem 6 2012 ¢,
credyrujie uz0anus:

1. Pewtense 3apay ¥ ypaBHenuii B uennix uuenax / KO.B. Ca-
nosunduit, — (Cepua «llpednpogpunvran u npoghunenan nodzomoskay)

2. MaremaTHueckHe moaenH. 5-7 knaccnl / U.B. Komuccaposa,
EM. Kniounukosa. — (Cepus «J/Ipednpodunvnas u npogunonan
noo20mosxa»)



YBAKAEMMIE HOKYIATE/IH!

Kuurn wanarenscrea « IK3AMEH» moxao npuobpectu
OITTOM H B POSHKILY & CACAYVOLIHX KHHIOTOPIOBLIX OPraHH3aLINAX

Motxna
HIN Crenason — Ten 3-926-132-22-35

000 wlynaw — Ten 3-916-145-70-06 {495) 688-59-16

TA Bubano-Cnobyc - Tea (495) 781-19-00
JK Meascaxoso - Ten (495) 476-16-90
Plow xuirn va Nlanoackolt - Ten (499) 267-03-02
Monanaa reapana - Ten {499) 238-00-32
Iar k narepxe ~ Ten (495) 728-33-09, 346-00-10
Ceme vananinoe Mup wuxaxssuka

. Canwr-Tlereplypr
KoanwGpu - Tea (812) 703-59-94

oo iamaru - Ten (812) 448-23-57

Byxsoca - Ten (812) 346-53-27
Bex Pasewrns - Ten (812) 924-04-58

Apzanremucx
ABd-gunra - Ten (8182) 65-41.34
Bapsayn
JNeronncs - Tea (3852) 33-29-91
Bnarosemescx
YIT Kaayrus -~ Tea (4162) 35-25-43
Bpuscx
Byxna - Ten (4432) 67-63-92
Bonrorpan
Kaccariapa - Ten (8442) 97-35-55
Basassocrox
Mpsevopcsati Toprosaii nom iesem — Tea (4232) 63-73-18
Bopomex

Amirrans - Ten (4732) 26-71-77
Puoxca - Ten (4732) 21-08-66
Exavepanbypr
TU Siouna - Ten (343) 228-10-70
Jom wmrst - Ten (343} 253-50-10
Amuc - Ten (343) 255-10-06
Eccentyxs
YT Iuracuro — Ten (87961) 5-11-28
HpxyTox
Mposanir — Ten (3952) 24-17-77
Maradun Cecrnana - Ten (3952) 24-20-95
Kazama
Aucr-Tlpecc - Ten (8435) 25-55-40
Tanc — Ten (8432) 72-34-55
Kannusurpaa
Knurw & Kiiokenxn - Ten (4012) 65-65-68
Kspos
Kuyrn pevam - Tea (8332) 50-30-90
Kpacnogap
Koropra - Ten (8612) 62-54-97
Byxllpece - T (8612) 62-55-48

OHIL, | iepenexraen oSpaiopanin — Ten (8612) 34-23-67

Kpacwonpen
Cpare - Tea (3912} 26-91-45
KocTpoms
Jlconapao - Tea (4942) 31-53-76
Kypew
Onrmmncr - Ten (#712) 35-16-51
Jieonwcx-Kyssenxoid
Kpyrosap ~ Ten (3%456) 3-40-10
Marapan
Dnoaa - Ten (4132) 65-27-85
Mypmance

Teseit - Ten (8152) 43-63-75

Huxuad Hosropox
YucGuax irmra - Ten (8312) 40-32-13
Mapoae - Ten (8312) 43-02-12

Zom xagurn - Ten (8312) 775207
Ilixonsp ~ Tea (8112) 41-92-27
HosocaGapen
Ton-xunra - Ten {3832) 36-10-28
Cubacpx ~ Ten (3832) 12-50-90
Ton-Maaye - Tea (3832) 44-34-44

Openbypr
Donmant - Ten (3532) 77-46-92
Memsa
Anarcii - Tea (R412) 68-14-21
Mepmn
Turp - Tea (3422) 45-24-37
Mevposasnoncx-Kanuarend
Hosan snnra - Ten (4152) 11-12-60
Mpoxosnencr
Knunonuit 3om - Ten (38466) 2-02-95
Mexwon
leanoc - Ten (B112) 44-09-89
BeTeropex
HI1 floGanosa - Ten (8793) 37-50-48
Twox xxura - Ten (8793) 39-02-53
Pocvos-ns-/lony
Pagron-mpece - Ten (8632) 40-74-43
Mauructp - Ten (R632) 99-98-96
Pazame
TA Npocscuerne - Ten (4912) 44-67-75
TA Bapc - Ten (4912) 93-29-54
Camags
Yaxowa - Ten (846) 231-22-33,
Meruan - Ten (846) 269-17-17
Caparan
Cemepa ~ Ten (8452) 64-37-37
NMonurpagucy - Ten (8452) 29-67-20
Crpeacu w K - Ten ($452) 52-25-24
Cuonemex
Kpyrodop — Tea (4812) 65-B6-65
Poanux — Ten (4812) 55-71-08
Yucbuay xuura - Tea (4812) IR-93-52
Toeps
Knoxwan naska - Tea (4822) 33-93.03
Tyaa
Cucrema Mo - Tea (4872) 10-0-66
Trouesw
Inamc - Ten (3452) 25-23-72
Ynau-¥Yao
MonnHom - Tea (3012) 44-44-74
Yéa
Jaswc - Tea (3472) 82-89-65
Xabaposcx
Maupc - Ten (4212) 26-87-30
Yeanboucx
Hurepoeponc JITHL - Tea (3512) 47-74-13
Yepenonen
Flvtep [lan - Ten (8202) 24-20-08
Yura
W Cymiw  Ten (3022) 35-31-20
HO0xs0-Caxanunck
Becrs - Tet (4242) 43-62-67
Hxyrex
Krnowii sapxer ~ Ten (4112) 49-12-69
Axyrexnit kwsnnit 3om - Tea {(4112) 34-10-12
Apocianne
Jom krurn - Ten (4852) 72-52-87

[To sonmpocam NPAMEX OMTOBLIX 3aKyNok obpamaiiTecs
no ren {495) 641-00-30 (Mnoroxananshlit), sale@examen biz
www examen biz
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NOArOTOBKA

l0.A. Na3skos, U.K. BapwaBckum
M.A. Navawsunu 9-11
KoOMMNJ/1IeKCHble YUCNA  knacce

B nocobuu nogpobHO C 6ONbLIMM KONMYECTBOM NMPUMEPOB M3N0XKeHa
TEOPUA KOMIIEKCHBIX YUCeN, AEUCTBUA C KOMMEKCHbIMU YMCIaMU
B anrebpauyeckom, TPUroHOMETPUYECKOM M MoKasaTesibHOM opmax,
cnocobbl nepexoga OT oAHOW (OpMbl K Apyro. bonbluoe BHUMaHue
YAENEHO rEeOMETPUYECKOW WMHTEpnpeTaumm KOMMNEKCHBbIX —Yucen,
MOAYNA U aprymenTa. B nocneaHel rnase paccMaTtpuBaeTca npuUMeHe-
HUE KOMIIEKCHbIX YMCEN K peLleHMI0 reoMeTpUYecKux 3aaad. Kaxpaas
rnaBa 3aKaHYMBaeTCA 3ajayvyamMu [AN8 CAMOCTOATE/ILHOMO pelleHun
M KOHTPO/IbHOM paboToi. KHura npegHasHaqyeHa yuUTeNnam MaTeMaTuku
M CTapLUEKNACCHMKaM, U3yYaroLMM KOMIMIEKCHbIE YMCAa.

Mpukasom Ne 729 MuHucTepcTBa 06pa3oBaHUA U Hayku PoccHMMCKOM
depepauumr yyebHble nocobua msgarenocrea «IKIAMEH» ponylieHb
K MCNOAb30BaHUKO B 06Le00pa3oBaTe/ibHbIX YYpPEeXAeHUAX.

naskoe Opui AneKcaHApPOBUY — KaHAMAAT NEAArorMyeckUX Hayk,
npocdeccop Kadeapbl TEOpMM U METOAUKM 00yYeHusa martematuke MITIY.
HayuyHo-neparornyeckun craxk — 35 net, ctax pabotbl B WKone — 25 ner.
061acTb Hay4YHbIX MHTEPECOB — TECTOBbIM KOHTPOJIb B 0BYyYEeHUM MaTeMaTU-
ke. Pa6otan B PegepanbHOM UeHTpe TecTMpoBanus, ¢ 2001 no 2009 r.
B coctaBe defepanbHou NPeaMETHOM KOMWMCCMM CO3AaBaNl KOHTPOJIbHbIE
M3MepUTesibHbIE MaTepuanbl no Matematuke ans ElM3. Astop cebliwe 300
Hay4HbIX CTaTel M KHUr, B TOM Yucae 6onee 40 nocobuu Ans WKO/IbHUKOB
M abUTYypPUEHTOB.

MNanawsunu Mapusa AKOBNEBHA — yuyuTeNb MAaTEMaTMKM BbiCLLEN
KBaMPUKALMOHHOM KaTeropum Wwkonbl Ne 192 ropoga Mocksbl. bonee 20 ner
npenoaaeT B Kaaccax € Yrayb/ieHHbIM M3yHeHWMeM maTemaTuKu; ABJAETCA
pa3paboTyMKOM U pELEH3EeHTOM TeMATUHYECKMUX M aTTeCTalMOHHbIX TeCToB
ANA UeHTpanu3oBaHHOro TecTupoBaHusA PepepanbHOro LeHTpa TecTMpoBa-
HUA. ABTOp paga y4ebHbix NOCO6MIA NO mMaTtemaTuke Ans 7—11 Knaccos,
3a/la4HUKOB A1 MOAFOTOBKM K EM, cTaTtel B MaTEMATUYECKMX XKYypHaNax.

ATENA T W

BapwaBckui Uropb KOHCTAHTUHOBUY — yuuTenb BbICWIEN KaTero-
pun. Negarorudeckun ctax — 50 net, 13 Hux 40 — B Knaccax ¢ yrnyb6neHHbIM
M3yueHnem marematukui. Jlaypear KOHKypca «[naur  Markeki»® arnsetca
pa3paboT4MKOM TEMATUHECKMX M aTTeCTaLMOHHE
ro LUeHTpa TeCTUpPoBaHUA. ABTOP YHEOHbIX MOt  Frasxos 10 A
7—11 knaccos, 3aja4HUKOB AR NOArOTOBKM K Komnnexckbie wuena. 8-11 kn.
CKMX XXypHanax. ﬂpe,qnpocpmwan v NPOGMNeHER NOArOTOBKA
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